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ABSTRACT

Large language models improve their test-time accuracy by generating multiple
rollouts and aggregating them to produce a final answer by voting. As each ad-
ditional rollout incurs token costs, test-time compute entails a trade-off between
accuracy and inference cost. This raises a question: given a limited token budget,
how should the budget be allocated to maximize accuracy? Existing approaches
typically adapt the number of rollouts to each query while keeping the voting
rule fixed. However, the voting rule itself shall be adapted as well. In particular,
commonly used schemes such as self-consistency and best-of-n can be viewed
as special cases of a broader Boltzmann voting family, and the choice of voting
rule directly affects the attainable accuracy ceiling of test-time compute. Moti-
vated by this observation, we formulate the rollout count and voting rule as joint,
query-dependent decisions and optimize them under a token-budget constraint.
We show that no fixed voting rule is uniformly optimal across all token budgets,
whereas the adaptive voting rule yields a cost—accuracy Pareto frontier that domi-
nates the frontier associated with any fixed rule. We further derive a closed-form
characterization of the large-budget asymptotics of the Pareto frontier, identifying
both the factors that determine the accuracy ceiling and those that govern the rate
at which this ceiling is approached. Guided by these results, we propose PRICE
(Priced Rollouts and Inference-time voting-rule Choice under a token budgEt), an
algorithm that jointly and adaptively selects the rollout count and voting rule as a
function of the token budget. On MATH-500, PRICE consistently outperforms six
test-time compute baselines across all evaluated budgets and achieves comparable
accuracy using up to 2.8-3.5x fewer token budgets.

1 INTRODUCTION

Large language models improve their accuracy at inference time when a deployer draws more roll-
outs and aggregates them with a pre-specified voting rule. Specifically, Wang et al. (2023) introduced
self-consistency (SC), which commits the modal answer across rollouts. Later work considers a per-
rollout score, such as a process-reward-model output (Lightman et al., 2024; Wang et al., 2024) or
the model’s self-assessed score (Kadavath et al., 2022; Fu et al., 2026; Kang et al., 2025), and uses
it to return the top-scored rollout (best-of-n, BoN) or to weight the vote (score-weighted voting).
All these methods empirically achieve substantial accuracy gains over a single rollout (Snell et al.,
2024; Brown et al., 2024).

These improvements come at a cost. More rollouts consume more tokens, so a deployer must balance
inference accuracy against token usage. In practice, token usage is often constrained by a fixed
budget, such as a subscription limit or a company wide token allotment. This budget must cover a
stream of queries over a given period. The key question is thus not whether more compute improves
accuracy but how to allocate a limited token budget across queries to maximize inference accuracy.

Prior work adapting rollout allocation. To save tokens, recent methods adapt the number of
rollouts across queries, based on the intuition that easier queries often require fewer rollouts. For
example, they stop generating rollouts once the vote stabilizes (Aggarwal et al., 2023; Li et al., 2024)
or the model becomes sufficiently confident (Fu et al., 2026). Other methods allocate more rollouts
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based on predicted query difficulty (Damani et al., 2025). However, these methods adapt inference
only at the rollout level. They decide how many rollouts each query receives while fixing the voting
rule used to aggregate them.

Adaptive voting rule. As the same set of rollouts can produce different answers under different
voting rules, it suggests that the voting rule itself should be adapted to each query rather than fixed
in advance. We unify commonly used voting rules through the Boltzmann weighted vote, parame-
terized by a voting temperature 7 > 0 that controls how strongly higher scored rollouts are favored.
Choosing a voting rule then reduces to choosing 7. Specifically, SC corresponds to 7 = 0, the ex-
ponential weighting used by CISC (Taubenfeld et al., 2025) corresponds to an intermediate 7, and
BoN is recovered as 7 — o0.

Seen from this perspective, we find that the voting rule determines which queries can be answered
correctly through repeated rollouts and therefore shapes the accuracy ceiling of test-time inference.
For a given query, repeated rollouts can recover the correct answer only if that correct answer re-
ceives the largest voting weight. Under SC (7 = 0), this requires the correct answer to appear more
frequently than any alternative. Increasing 7 places more weight on highly scored rollouts, which
can recover the correct answer when it is relatively rare but receives high scores. However, the same
sharper weighting can fail when the correct answer is frequent but receives lower scores than an
incorrect alternative. Thus, the voting rule changes which queries can ultimately be answered cor-
rectly from repeated sampling, and different queries may favor different temperatures. By adapting
T across queries, adaptive voting can correctly answer a broader set of queries than any single fixed
voting rule, thereby raising the attainable accuracy ceiling of test-time compute.

We thus aim to answer the following question:

How to adaptively choose the number of rollouts to draw and the voting rule to apply for
each query, so that the accuracy is maximized under a token budget?

adaptive adaptive budget Pareto
Line of work rollout count voting rule constraint frontier
Fixed-count methods: SC, BoN, weighted voting, CISC - - - -
(Wang et al., 2023; Cobbe et al., 2021; Li et al., 2023; Kang et al., 2025; Taubenfeld et al., 2025)
Adaptive-count methods: Adaptive-Consistency, ESC, DeepConf v - - -
(Aggarwal et al., 2023; Li et al., 2024; Fu et al., 2026)
Budget-aware allocation: PETS, OptPO, Solve-then-Learn v - rollouts -
(Liu et al., 2026; Wang et al., 2025; Zhai et al., 2026)
PRICE (ours) v v tokens v

Table 1: Comparison of PRICE against existing works along four dimensions: (i) if the rollout count
is adaptive; (ii) if the voting rule is adaptive; (iii) whether the method takes the budget as an explicit
constraint and, if so, whether the budget is imposed at the rollout level or at the token level; and (iv)
if any Pareto frontier guarantee is established. For a more detailed discussion, see Appendix A.
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Figure 1: Illustration of the proposed PRICE method.
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Table 1 compares existing lines of work with our proposed PRICE method, and Figure 1 illustrates
the resulting accuracy—cost tradeoff. Our contributions are threefold.

First, we formulate LLM test-time compute as joint, query-dependent rollout and voting-rule
selection under a token budget. We show that the Pareto frontiers of fixed voting rules can cross, so
there is no optimal fixed rule across all budgets and queries, while adaptive voting dominates every
fixed rule and can attain a higher accuracy ceiling by solving a broader set of queries correctly.

Second, we characterize the large-budget behavior of adaptive voting. We derive its Pareto
frontier asymptotics in closed form, identifying both its accuracy ceiling and convergence rate to
the ceiling. The gap to the ceiling decays exponentially at a rate determined by the hardest queries
whose errors decay most slowly per token. On MATH-500, this gap closes 14—17x more slowly
than the error of a typical query, explaining why additional tokens yield little gain once typical
queries are answered correctly.

Third, we develop PRICE, the algorithm that jointly chooses how many rollouts to draw and how
to vote for each query under a prespecified token budget. On MATH-500, PRICE outperforms six
deployed baselines across all evaluated budget levels and achieves comparable accuracy using up to
2.8-3.5x fewer token budgets.

2  WHY VOTING SHOULD ADAPT ACROSS QUERIES

2.1 ROLLOUTS AND THE BOLTZMANN WEIGHTED VOTE

A deployer faces queries ¢ ~ Q, where Q is the distribution of queries, and pays for the tokens to
answer these queries. Conditional on a query ¢, whose correct answer ¢*(q) is unknown, the LLM
generates an independent and identically distributed (i.i.d.) sequence of rollout triples { (¢;, ¢:, a;) }i,
where each triple records the following.

* The token cost £; € N and the realized length of the rollout are measured in tokens.

* The score ¢; € [0, 1], a deployer-chosen signal of the rollout’s quality, observed once the rollout
ends, e.g., the output of a process reward model (He et al., 2024), the generator’s own evaluation
(Kadavath et al., 2022), or its group confidence (Fu et al., 2026).

» The answer a; € A, extracted from the rollout, from a finite answer space A.
All per-query quantities above depend on g and we keep ¢ implicit when working at a single query.

After n rollouts, self-consistency (SC) returns the modal answer, and best-of-n (BoN) returns the
answer of the highest-scoring rollout. Both belong to the family of voting rules below.

Definition 2.1 (Boltzmann weighted vote). Fix a query q and a temperature T > 0. After n rollouts,
the Boltzmann weighted vote assigns to each answer the weight

n
We(a,niq) =Y e 1{a;=a}, acA, (1)
i=1
and commits to the answer of the largest weight, a,(n;q) := argmax,c 4 Wr(a,n;q). Ties are

resolved following the rules in Appendix D. 1.

At 7 = 0, every rollout carries unit weight and the vote is SC. For 0 < 7 < oo, the weight 7%
increases with the score, and 7 amplifies the higher-scored rollouts. As 7 — oo the highest-scored
rollout outweighs all others and the vote becomes BoN.

2.2  FIXED AND ADAPTIVE VOTING POLICIES

A recent line of work adapts the rollout count, using fewer rollouts when the extracted answers
stabilize quickly to save compute. However, these methods keep the voting rule fixed, with a fixed
7 determined in advance. We formally define the fixed and adaptive voting policies.

Definition 2.2 (Fixed- and adaptive-voting policies). A policy is a measurable map m : q — 74 =
(1(q),n(q))- Given a query q, the policy commits to a temperature 7(q) and a rollout count n(q). A
fixed-voting policy adapts n(q) to the query but uses one fixed 7(q) = 7 € [0, Tmax]. In contrast,
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an adaptive-voting policy adapts both n(q) and 7(q). We write their per-query action sets as

I(7) := {(r,n) : n € N}, ™ = {(1,n) : 7 € [0, Tmax), » € N}.

Throughout, our theoretical work focuses on a finite cutoff 7,,x < oo for clarity, while the experi-
ments include BoN (7 = o0) as one additional action. Although the policy class of Definition 2.2 is
discrete since the rollout count is an integer, we allow a policy to randomize over its actions so that
the class becomes continuous for the theoretical analysis.

2.3 CONSISTENCY SET FOR SOLVABLE QUERIES

The first benefit of adapting the voting rule, or equivalently the temperature, is that adaptive voting
can answer a broader set of queries correctly than any fixed rule. To formalize this, we identify, for
each voting rule, the queries that it answers correctly in the limit of infinite rollouts.

Definition 2.3 (Consistency sets). A temperature T is consistent for a query q if the Boltzmann
vote at T eventually returns the correct answer, a-(n;q) — a*(q) almost surely as n — oo. The
consistency set of T and the adaptive consistency set are

C(1) :==A{q: 7 is consistent for q}, ¢ = U C(7). ()

TE [077-max]

We call the queries in C*! solvable by some voting rule, equivalently by some temperature.

Since C(7) C C* for every T,
PonolC™] = sup  PynolC(r)), 3

7€[0,Tmax]
so adaptive voting answers at least as many queries as any fixed rule. Appendix D.1.2 provides
further characterization on the consistency sets and the condition when the inequality in (3) is strict.

3 OPTIMAL JOINT ALLOCATION UNDER ENTROPIC-RISK TOKEN BUDGET

3.1 ENTROPIC-RISK TOKEN BUDGET

An adaptive-voting policy assigns each query ¢ a pair 7y = (7,n) € 1124 and earns the population
accuracy

Eqvo[E[r™ | ql], with 7™ :=1{a(n:q) = a”(q)}, )
which is the probability that the returned answer is correct. Since it draws n rollouts, it also incurs
the accumulated token cost (™« := > £;(q).

For the token budget, a natural first choice is to impose a cap on the mean cost, Eq.o[E[¢™ | g]] < b
(Wan et al., 2026). However, realized costs can vary substantially across queries, since rollouts on
hard queries may be several times longer than those on easy ones. A policy that satisfies only a
mean-cost constraint can therefore still incur excessive cost on a substantial fraction of queries. To
account for this variability, we control cost on the moment-generating function (MGF) scale using a
pre-specified risk parameter v > 0, and impose the entropic-risk constraint at the token-budget level
b>0,

TlogEsuo (B[ |q]] <b = Ego[E[?" | ] <€ (5)

As~y — 04, itreduces to the constraint on the mean cost. By Markov’s inequality, a policy satisfying
(5) obeys, forevery t > 0, P [f”q > b+t] < e~ 7. Therefore, the fraction of queries overspending by

more than ¢ tokens decays exponentially in ¢ at rate . For instance, v = log(20)/1024 ~ 2.9x 1073
keeps the fraction of queries overspending by more than 1024 tokens below 5%.

3.2 ADAPTIVE VOTING DOMINATES FIXED RULES, WHILE FIXED RULES CAN CROSS
The best accuracy attainable at budget b by adaptive-voting policies is

R*(b) := Sup{EqNQ[E[T”‘I | ql], st. (5), 74 € Had}. (6)

Tq
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We call a policy that attains the supremum in (6) an optimal adaptive policy and write
7*(b) € argmax{EqNQ[E[r”q | q]], s.t. (5), mq € Had}, 7

when the maximum exists. Every policy draws at least one rollout, so budgets are taken above the
one-rollout threshold b > by, 1= % log E,o[E[e?(D) | q]]. The adaptive frontier is defined as

P24 = Upper Envelope{(b7 R(b)) : b > bmin}.

Similarly, we denote R(b; 7) as the best accuracy attainable at budget b by the fixed-voting policies
at temperature 7, which substitutes the adaptive class I1*? in (6) with the fixed-temperature class
II(7). Its corresponding fixed-temperature frontier is denoted as P (7).

Next, we present the central benefit of adaptive voting, through two complementary theorems: (i)
no fixed voting rule is universally best over all budgets, while (ii) the adaptive class dominates them
all. We start with the first result, showing that any two fixed-7 frontiers can cross.

0.65

0.60

accuracy

—— SC(r=0) 0.55 1

fixed 7=4.5

BoN (r=c0) 050 -

= Adaptive )
1

—— SC(r=0)

fixed 7=17.7
—— BoN (=)
= Adaptive

10° 2x10°  3x10° 4x10° 10° 2x10° 3x10°
token budget b token budget b

(a) Qwen2.5-1.5B: fixed rules swap the lead, adaptive on top (b) Llama-3.2-3B: same pattern
Figure 2: Fixed-voting frontiers cross, while the adaptive frontier dominates

Theorem 1 (Fixed-temperature frontiers can cross). Fix any two temperatures 71 # 7o in [0, Tmax]-
There exist a query distribution Q and a score ¢ on which the frontiers P(71) and P(72) cross: there
are budgets by < by with R(b1; 1) > R(b1;72) and R(ba; 1) < R(ba; 72).

The theorem states that for every pair of temperatures, there is a query population on which their
frontiers cross, so no fixed temperature is optimal across all populations and budgets. Next, we show
that the adaptive frontier dominates any fixed-temperature frontier.

Theorem 2 (Adaptivity dominates). For every 7 € [0, Tmax] and every b > by, R*4(b) > R(b; 7).
Figure 2 illustrates both results on MATH-500 for two LLM generators, following the protocol in
Appendix C.4. In both panels, the best fixed temperature changes at the red markers, showing that

no single temperature is optimal across all token budgets. In contrast, the adaptive frontier lies above
every fixed-temperature frontier at every budget.

3.3 SOLVING THE TOKEN BUDGETED PROBLEM WITH ONE DUAL PRICE

With a dual multiplier A > 0 on the budget constraint, the Lagrangian of (6) is
£(m,N) = Eqno|E[™ | d] = X[ | g]] + e,

To make the Lagrangian more explicit in terms of the decision variables 7 and n, we represent the
per-query accuracy as

Ve(n;q) :=E[r™ | q] = P[a,(n;q) = a*(q) | q]. (8)
It is the probability of the vote at temperature 7 that correctly solves the query g after n rollouts. As
the rollout length is i.i.d. given g, the cost of n rollouts is E[e?*"" | ¢] = M(q)" with M(q) :=
E[e71(9) | ] € (1,00) being the single-rollout cost MGF.

Proposition 1 (Strong duality and query-level decomposition). For b > by, under the regularity
conditions of Appendix D.1, strong duality holds and the problem decouples across queries:

R*(p) = )1\%% s&p L, \) = ing{Eqwg [5;1,17;:{1/7(71; q) — )\M(q)”}] + )xe'yb}.
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Strong duality holds since we show that the optimal value R*? is concave in the MGF-scale budget
e??, by applying randomization to the original discrete rollout counts. In the rightmost expression,
the supremum is taken inside the expectation, because the Lagrangian is separable across queries and
the policy acts on each query independently. Then, the inner problem can be solved for each query
at the common dual price \. Therefore, to solve R24(b), it suffices to find the optimal per-query
policy m, = (7(q),n(q)) € II*! at each dual price )\, and then take the infimum over \.

At the supporting price A; of the outer infimum, which depends on the budget level b, the optimal
adaptive policy therefore selects for each query

(15 (9),m3(q)) € arg H;%X{Vf(n; q) — A\ M(g)"}. 9)

3.4 'WHAT SETS THE PLATEAU OF LLM INFERENCE AND THE SPEED APPROACHING IT

A natural question is how the best accuracy R2d(b) along the Pareto frontier P24 behaves as the
budget b grows. This subection derives the closed-form large-budget asymptotics of R24(b). Specif-
ically, we characterize its accuracy ceiling as b — oo, and the rate approaching this ceiling.

The ceiling of accuracy under unlimited budget. The best population accuracy with unlimited
rollouts is

R =, o sup Vi (n; q)] (10)

7€[0,Tmax], n€N

For a query ¢ € C*4, the supremum equals 1 by Definition 2.3. For a query ¢ ¢ C*, no tempera-
ture achieves perfect accuracy in the infinite-rollout limit, although a suitable temperature and finite
rollout count may still answer it correctly with positive probability. The ceiling therefore decom-
poses into the probability mass of queries that adaptive voting can answer correctly with probability
approaching one and the residual accuracy on the remaining queries:

R =P o[C* + E,uo|1{q & C*} sup V, (n; q)} (11)

The first term is the consistency coverage of adaptive voting, which is at least as large as that of any
fixed voting rule by (3).

The convergence rate to the accuracy ceiling. Given the ceiling, we ask how fast R4 (b) ap-
proaches it as the budget grows. We show in Appendix D.1.3 that if a temperature 7 is consistent
for ¢, each additional rollout reduces the error 1 — V,-(n; ¢) exponentially in . For a solvable query
q € C*, we therefore define the per-rollout error-decay rate at a consistent temperature, and its best
value over the consistent temperatures.

I:(q) == Jim —Llog(1 = V;(n;q)) forq e C(r), I*(q) := sué)( )IT(q).
g T:qeC(T

Note that 12d(q) is large when the error on query q decays quickly, i.e., a certain voting rule

rapidly separates the correct answer from the incorrect ones. On the cost side, %log M(q) =

% log E[e7¢1(9)|g] is the number of tokens that one rollout consumes in the entropic-risk measure.
Their ratio is the query’s exchange rate,

I*d(q)  per-rollout error decay

% log M(q)  per-rollout token cost

= error decay per token. (12)

When the budget is large, the easy queries and unsolvable queries have saturated, and the remain-
ing budget flows to the hardest but still solvable queries. Thus, the rate at which the population
approaches its ceiling is determined by the worst exchange rate on the hardest solvable queries.

Theorem 3 (Large-budget law of Pareto frontier). Assume Py..o[C*] > 0 and the regularity con-
ditions in Appendix D.4. Then, with the worst-case exchange rate
ad

e q)
r?¢ .= essinf T,
gecd = log M(q)

"0 9,00,

as the token budget b — 00,
: : — pad o . : 00,8 g :
Rooad _ Rad(b) —e b(1+ (1))7 ie., blgrolo —%1og(R aad _ Rad(b)) — pad (13)



Under review as a conference paper at ICLR 2027

Theorem 3 implies that accuracy saturates exponentially in the budget, rising toward the ceiling
R°>24 with the gap closing at the rate >, Figure 3 in §4.1 validates this rate on MATH-500, where
itis 14-17x below the median exchange rate of the queries.

The proof in Appendix D.4 builds on large-deviation theory to characterize asymptotically optimal
per-query choices: for solvable queries, the voting rule maximizes the error-decay rate, while the
rollout count balances the decreasing error against the increasing priced cost. We then choose the
common price to satisfy the population budget and construct a feasible policy, yielding an upper
bound on the gap R>* — R24(b). Finally, we use duality to derive a lower bound on the gap. The
upper and lower bounds match in their exponential rates, establishing the claimed asymptotics.

4 EXPERIMENTS

We introduce PRICE (Priced Rollouts and Inference-time voting-rule Choice under a token budgEt),
a family of algorithms motivated by the optimal policy in §3.3. The optimal adaptive policy in (9)
requires two query-specific primitives, the accuracy curves V. (-;¢) and the cost MGF M(q). We
therefore develop two versions of PRICE that differ in how these primitives are obtained.

PRICE-oracle estimates them from a labeled pool of the query’s own rollouts and solves the re-
sulting constrained problem. It provides an oracle benchmark for joint rollout allocation and voting
rule selection, but it is not yet ready for deployments as the labeled rollouts needed to estimate the
accuracy curves are unavailable for a new query. PRICE-deployed instead estimates both primi-
tives from a labeled calibration corpus and updates the estimates as the rollouts of the new query are
generated. The detailed algorithms are provided in Appendix B.

We evaluate PRICE on MATH-500 (Hendrycks et al., 2021; Lightman et al., 2024) with two LLM
generators, Qwen2.5-1.5B-Instruct and Llama-3.2-3B-Instruct. The vote score ¢ is the generator’s
self-evaluation (Kadavath et al., 2022), the probability it assigns to the answer being correct, and
the vote runs on a grid of 13 temperatures that includes SC (7 = 0) and BoN (7 = o0). The risk
parameter is 7 = log(20)/1024 ~ 2.9 x 1073, which keeps the fraction of queries overspending
by more than 1024 tokens below 5%, and a budget b is the realized entropic-risk budget of (5).
Appendix C provides the configurations and additional results, including alternative scores.

4.1 PRICE-ORACLE ON MATH-500

The large-budget law against the data. Figure 3 examines how the gap to the ceiling closes as the
budget b grows on Qwen2.5-1.5B. Recall that Theorem 3 states that at large budgets, the gap closes
exponentially with respect to the budget, at the worst-case exchange rate 724, The left panel plots
the reward gap of PRICE-oracle to its ceiling on a log scale, where it decays almost linearly at large
budgets with a terminal slope of 0.85 x 10~* per risk-adjusted token. The right panel places this
slope within the distribution of the per-query exchange rates (12) fitted on the solvable queries. The
slope sits at the extreme left edge of the distribution, 14.5x below the median rate. The gap therefore
closes at the pace of the slowest solvable queries rather than the typical ones, as Theorem 3 predicts.
Llama-3.2-3B replicates the pattern with a terminal slope 17.1x below its median in Appendix C.8,
where we also explain how the rates and the slope are fitted from the finite pools.

I terminal slope : median
Eﬂ 10" terminal slope -E :<H—X>
s 0.85 x 10~*/token 8201
2 =)
B 107 ° !
o D I
] —— < 104 1
o — gap R® —R(b) E 1
10" 1 . = I
o ==+ terminal-slope fit 1 H
T T T 0 1 -y S
20 40 60 10° 10" 10%

risk budget b (k tokens) per-query exchange rate (x10~%/token)

(a) Gap to the ceiling decays exponentially in b (b) Terminal slope sits at the slow edge,
14.5x below the median

Figure 3: The large-budget law against the data (PRICE-oracle, Qwen2.5-1.5B).

Adaptive voting against the best fixed voting rule. Table 2 separates the two decisions, adapting
the rollout count and adapting the voting rule. We first measure the benefit of adapting the rollout



Under review as a conference paper at ICLR 2027

count with the voting rule held fixed, for SC (7 = 0), BoN (7 = o0) and the hindsight-best fixed
temperature. The hindsight-best fixed temperature is the single temperature chosen after seeing the
results that maximizes accuracy at each budget, so that no fixed voting rule can do better than this
row at that budget. As shown by the green numbers in Table 2, adapting the count alone improves
every voting rule at every budget.

We then compare PRICE-oracle, which further adapts the voting rule, against the hindsight-best
fixed rule. PRICE-oracle is above it at every budget on both LLM generators, with the gain high-
lighted in red colors. This is the gain of adaptive voting rather than fixing one in advance, and it
comes on top of the gain from adaptive count alone.

Qwen2.5-1.5B Llama-3.2-3B
Method budget b — 2k S5k 8k 12k 20k 30k 2k S5k 8k 12k 20k 30k
SC(tr=0)
fixed count 484 558 59.6 62.6 653 66.6 409 474 51.7 545 573 59.0
adaptive count 56.3 61.6 640 658 675 68.4 497 546 57.0 585 60.4 61.5
(+7.9) (45.7) (+44) (#32) (+23) (+17)  (+88) (+7.2) (+54) (+4.0) (+3.1) (+2.5)
BoN (T = 00)
fixed count 493 48.8 456 41.4 357 31.1 409 422 39.6 36.8 33.0 29.7
adaptive count 53.8 55.1 554 555 556 556 469 48.0 48.2 484 48.5 485
(+4.5) (+#6.3) (+#9.8) (+14.1) (+19.8) (+24.5) (+6.0) (+5.7) (+8.6) (+11.6) (+15.6) (+18.8)
Best fixed T (hindsight)
fixed count 49.3 569 604 63.2 656 66.8 409 474 51.7 545 573 59.0
adaptive count 569 622 645 66.2 67.8 68.5 49.8 54.6 57.0 58.5 60.4 61.5
(+7.6) (453) (+4.0) (+3.0) (+22) (+1.7)  (+8.9) (+7.2) (+54) (+4.0) (+3.1) (+2.5)
PRICE-oracle 589 64.8 674 69.1 709 71.7 51.5 56.6 58.7 60.3 62.3 63.5
adaptive count & vote (+2.0) (+2.6) (+2.9) (+2.9) (#3.1) (#32) (L7 (20 +1.7) 1.8 (19 (+2.0)

Table 2: PRICE-oracle against fixed voting rules on MATH-500 (accuracy in %, at matched realized
budget). Green numbers are the gains of the adaptive count over the fixed count with the same voting
rule, and red numbers are the gains of PRICE-oracle over the best fixed 7 with adaptive count.

4.2 PRICE-DEPLOYED AGAINST BASELINES

We compare PRICE-deployed against six deployed test-time-compute methods, in two families.

* Fixed-count methods commit a pre-fixed rollout count n on every query: fixed-n SC, fixed-n
BoN, and CISC (Taubenfeld et al., 2025), a member of the Boltzmann vote family.

* Adaptive-count methods stop sampling per query but pin the voting rule: Adaptive-Consistency
(Aggarwal et al., 2023), ESC (Li et al., 2024), and DeepConf (Fu et al., 2026).

Qwen2.5-1.5B Llama-3.2-3B
Method budget b — 3.7k 5.3k 6.7k 11.6k 14.5k 32.0k 4.4k 6.2k 8.1k 13.8k 17.4k 40.4k

Fixed-count

Self-consistency 549 58.0 598 632 642 671 473 49.7 51.7 552 56.5 599
Best-of-n 49.8 48.1 46.0 412 389 304 427 413 39.8 359 339 271
CISC 549 55.0 59.8 623 643 668 473 473 51.8 543 565 59.7

Adaptive-count
Adaptive-Consistency 46.9 47.3 489 489 489 489 40.7 40.7 40.7 40.7 444 444

ESC 539 56.7 56.7 62.6 6377 659 474 502 502 555 569 59.2
DeepConf (offline) 522 584 584 639 639 669 439 50.2 502 55.8 55.8 59.5
PRICE-deployed 61.3 63.3 643 66.2 66.6 67.6 54.6 563 57.5 59.2 59.7 61.0
(+6.4) (+49) (+45) (322) (#22) (0.5  (+7.3) (#6.1) (+5.7) (+33) (+28) (+1.0)

Table 3: Accuracy (%) at matched realized budget b on MATH-500. The red numbers are PRICE-
deployed minus the best baseline in the column.

Table 3 reports the accuracy attained at matched token budget, and makes two points.

PRICE-deployed wins uniformly. It beats every baseline at every budget on both LLM generators.
The baselines themselves are hard to separate, since SC, CISC, ESC and DeepConf track one another
to within a few points at matched budgets.
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The lead widens as the budget shrinks. PRICE-deployed beats the best baseline by +6.4 pp at
b = 3.7k versus +0.5pp at b = 32.0k on Qwen2.5-1.5B, and by +7.3pp at b = 4.4k versus
+1.0pp at b = 40.4k on Llama-3.2-3B.

qup.to 2.8 X smaller budget p to 3.5 X smaller budget
0.7 P € P o s

Fo------ f

accuracy
=
(=}

0.5 1
T T T 0.4 T T
1k 2k Sk 10k 2k Sk 10k
entropic-risk budget b (log scale) entropic-risk budget b (log scale)
(a) Qwen2.5-1.5B: up to 2.8 X smaller (b) Llama-3.2-3B: up to 3.5 x smaller
risk budget than SC at matched accuracy risk budget than SC at matched accuracy
=== SC ==+= ESC === PRICE-deployed

Figure 4: The frontier of PRICE-deployed against SC and ESC. The red dimension lines mark the
accuracy at which the budget saving against SC is largest.

Figure 4 traces the frontier of PRICE-deployed against SC and ESC on the same realized cost
axis. The frontier of PRICE-deployed lies above both at every budget on both LLM generators.
At matched accuracy, PRICE-deployed requires a smaller token budget than both baselines, using
up to 2.8 and 3.5 x fewer tokens against SC on Qwen2.5-1.5B and Llama-3.2-3B, respectively.

5 RELATED WORK

Adaptive rollouts and answer selection. Fixed-count methods draw a prespecified number of
rollouts and select an answer by majority vote (Wang et al., 2023), by the highest score (Cobbe
et al., 2021; Kang et al., 2025), or by score-weighted voting (Li et al., 2023; Lightman et al., 2024;
Taubenfeld et al., 2025). Adaptive-count methods stop sampling once the vote or its confidence
stabilizes (Aggarwal et al., 2023; Li et al., 2024; Fu et al., 2026; Manvi et al., 2024; Komiyama
et al., 2026), but keep the voting rule fixed in advance, whereas PRICE chooses the rollout count
and the voting rule jointly for each query.

Budget-aware constrained formulations. Compute-optimal and learned allocators select genera-
tion strategies or sample counts under a compute budget (Snell et al., 2024; Damani et al., 2025;
Brown et al., 2024; Wu et al., 2025; Han et al., 2025). PETS, OptPO and Solve-then-Learn allocate
sample counts under sampling or average-compute constraints (Liu et al., 2026; Wang et al., 2025;
Zhai et al., 2026), and CLEAR (Wan et al., 2026) allocates tokens across queries through a global
shadow price, with a per-query generation-length limit in a single-rollout regime as its allocation
variable. We instead optimize the rollout count and a continuously tunable voting rule jointly under
an entropic-risk token constraint in the multiple-rollout regime. Appendix A discusses these works
in more detail, other forms of test-time compute, and the connections to constrained optimization.

6 CONCLUSION

We cast LLM test-time compute as constrained problem over policies that choose, per query, both
how many rollouts to draw and how to vote over them, under an entropic-risk token budget. The
voting rule decides which queries repeated sampling can solve, and adapting it per query enlarges
the solvable set. We show that adaptive voting policy dominates every fixed voting rules in terms of
accuracy at matched budgets, while the Pareto frontiers of fixed voting rules can cross. Moreover,
we establish the closed-form asymptotic characterization of the adaptive frontier. Then we introduce
the algorithm PRICE, which beats six deployed baselines at every evaluated budget and matches the
accuracy of baselines with up to 2.8-3.5x smaller token budgets.
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We used Al tools in this work as follows. Among tasks requiring disclosure, Al tools assisted
with checking and strengthening the rigor of proofs in the Appendix, implementing code for the
experiments in Section 4 and the Appendix, and drafting interpretations of experimental results. All
such outputs were verified against the underlying data and revised by the authors.

We did not use Al tools to generate synthetic data, develop the theoretical framework, formulate the
mathematical claims, or provide the key ideas underlying the proofs. Translation, dataset cleaning
or reformatting, and qualitative data analysis were not relevant to this work.

Among tasks for which disclosure is recommended, we used Al tools to assist with code and figure
generation and to draft and edit portions of the manuscript for readability. All Al-assisted proofs
were checked by the authors, all Al-assisted code was reviewed and its outputs verified, and all
Al-assisted text was revised by the authors. We take full responsibility for the final content of this
work, including all text, claims, results, and artifacts produced with the aid of Al

ETHICS STATEMENT

All experiments use a public mathematical reasoning benchmark, MATH-500 (Hendrycks et al.,
2021; Lightman et al., 2024), and two open-weight generators, Qwen2.5-1.5B-Instruct and Llama-
3.2-3B-Instruct. The work involves no human subjects, no personal or private data, and no release
of new datasets or models. No societal consequences that need to be specifically highlighted.

REPRODUCIBILITY STATEMENT

The theoretical results of §2 and §3 are proved in Appendix D. Both versions of PRICE algorithms
are given in Appendix B. The configurations of experiments in §4 and additional experimental results
are provided in Appendix C. All datasets and models used are publicly available and cited in the
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A RELATED WORK

Adaptive rollouts and answer selection. Methods of test-time compute involving drawing multiple
rollouts are classified by whether they adapt the rollout count. Fixed-count methods use a prespec-
ified rollout count across queries and then apply a voting rule to select an answer. For example,
self-consistency takes the modal answer (Wang et al., 2023), best-of-n returns the highest-scored
rollout (Cobbe et al., 2021; Kang et al., 2025), and weighted voting aggregates answers using ver-
ifier scores or confidence (Li et al., 2023; Lightman et al., 2024; Taubenfeld et al., 2025). Within
our Boltzmann vote family indexed by the temperature 7, SC uses 7 = 0, CISC (Taubenfeld et al.,
2025) uses a fixed finite 7, and BoN corresponds to 7 = oo. Further work studies non-monotone
accuracy as the sample count grows and calibrates aggregation weights using generator and verifier
signals (Chen et al., 2024; Kuang et al., 2026). The latter also considers negative weights, which lie
outside our Boltzmann vote family.

Adaptive-count methods instead adjust the rollout count for each query, stopping once the vote or
its confidence stabilizes, as in Adaptive-Consistency, ESC, and DeepConf (Aggarwal et al., 2023;
Li et al., 2024; Fu et al., 2026). Related approaches predict whether additional generation is worth-
while or use answer agreement to approximate the infinite-sample majority vote (Manvi et al., 2024;
Komiyama et al., 2026). All these methods use a prespecified aggregation mechanism, whereas
PRICE jointly chooses the rollout count and voting rule for each query.

Other LLM test-time compute. Apart from the multiple rollout regime this work focuses on,
LLM test-time compute can improve accuracy by extending an individual reasoning trajectory or
searching over intermediate reasoning states. Chain-of-thought generates intermediate steps before
answering, while Tree of Thoughts explores alternative reasoning paths (Wei et al., 2022; Yao et al.,
2023). More recently, s1 uses budget forcing to control how long a model reasons (Muennighoff
et al., 2025). These approaches complement the methods that generate multiple rollouts and then
select an answer from them.

Budget-aware constrained formulations. Another line of work studies the tradeoff between infer-
ence cost and accuracy. Repeated-sampling studies characterize how coverage and selection perfor-
mance scale with inference compute (Brown et al., 2024). Compute-optimal (Snell et al., 2024) and
learned allocators (Damani et al., 2025) select generation strategies or sample counts under a com-
pute budget . Related studies examine compute-optimal combinations of model size and inference
strategy (Wu et al., 2025), or control reasoning length through token budgets (Han et al., 2025).
PETS allocates trajectories to maximize agreement with the infinite-budget majority vote under a
rollout-based budget (Liu et al., 2026). OptPO uses Bayesian sequential testing to stop rollouts and
conducts test-time policy optimization (Wang et al., 2025). Solve-then-Learn (Zhai et al., 2026)
allocates rollout counts under an average-compute constraint via Lagrangian relaxation. Our focus
is the joint optimization of rollout count and a continuously tunable voting rule under an entropic-
risk token constraint. More recently, CLEAR (Wan et al., 2026) allocates tokens across queries via
a global shadow price over a parametric per-query utility model. Its core allocation variable is a
per-query generation-length limit in a single-rollout regime. In contrast, our work focuses on the
multiple-rollout regime, where we decide how many rollouts to allocate to each query and how to
aggregate the resulting answers across rollouts.

Connections to constrained optimization. Deciding how to spend a token budget across queries
to maximize accuracy is a resource-allocation problem. A common formulation constrains expected
cost (Lan & Zhou, 2020), which controls the average token cost but still allows individual queries
to overspend tokens severely. Chance constraints instead limit the probability that costs exceed a
given threshold (Charnes & Cooper, 1959). Our entropic-risk budget considers the constraint on
the exponential scale, which bounds the probability of large budget overspending (Whittle, 1990;
Follmer & Schied, 2011). To solve the budget constrained problem, we adopt Lagrangian relaxation,
which assigns a common shadow price to token usage across queries (Boyd & Vandenberghe, 2004;
Kelly et al., 1998). Each query then independently decides its rollout count and voting rule by
trading off expected accuracy against this priced token cost. When queries arrive sequentially, we
adopt the standard online allocation method to adjust the shadow price through exponential updates
(Balseiro et al., 2020).
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B ALGORITHMIC DESIGN: PRICE, ORACLE AND DEPLOYED

We now introduce PRICE (Priced Rollouts and Inference-time voting-rule Choice under a token
budgEt), a family of algorithms motivated by the optimal policy in §3.3. The optimal adaptive
policy in (9) requires two query-specific primitives, the accuracy curves V (-; ¢) and the cost MGF
M (q). We therefore develop two versions of PRICE that differ in how these primitives are obtained.
PRICE-oracle estimates them from a labeled pool of the query’s own rollouts and solves the resulting
constrained problem. It provides an oracle benchmark for joint rollout allocation and voting rule
selection, but it is not yet ready for deployments as the labeled rollouts needed to estimate the
accuracy curves are unavailable for a new query. PRICE-deployed instead estimates both primitives
from a labeled calibration corpus and updates the estimates as the rollouts of the new query are
generated. Both versions take a token budget b as input and convert it into a shadow price A that
governs how many rollouts each query receives. We evaluate both algorithms on MATH-500 in §4.

Throughout this section, v > 0 is the risk parameter in (5), 7 = {71, ..., 7k } is a grid of K voting
temperatures, and A C (0, 0o) is a finite grid of candidate dual prices.

B.1 PRICE-ORACLE

In the oracle setup, the two primitives of every query are computed from the query’s own rollouts.
Suppose we have ) queries ¢, . . ., ¢g, each with a known correct answer a*(¢) and a pool of m
rollouts {(¢;, ¢;, a;) }i<m, Which record the token cost, the score, and the answer of each rollout.
Recall that the per-query accuracy curve V. (n; q) is the probability that the vote returns the correct
answer at temperature 7 over n i.i.d. rollouts, so we estimate it by resampling the pool. Specifically,
we draw S uniformly random orderings o1, . . ., os of the pool, and for each ordering o, we run the
vote at temperature 7 on its first n rollouts, whose winner we denote by @, (n; o).

We estimate the per-query accuracy by the fraction of orderings on which the vote is correct,

s
~ 1 R
Vr(nig) := ggl{aT(n;os) =a* (@)}, (14)
for every 7 € T and n < m. The cost MGF is estimated by its empirical mean over the pool,
W)= Ly on (15)
= 2 .

At a fixed price A € A, PRICE-oracle substitutes these estimates into the per-query problem (50)
and selects

(@) 1x(@)) € arg__max {V(n:q) = AM(a)"}. (16)

For a prespecified budget level b, Proposition 1 shows that there is a corresponding supporting price

Ap. Next, we describe how to find its empirical counterpart A, on the grid A. Note that at each trial
price A, (16) selects a count 75 (g;) for each query g;. For each ordering o5 of the query’s pool,
we sum the token costs of the first 1) (g;) rollouts and denote this total token cost by ¢)(g;; o).
Aggregating over the () queries and the .S orderings as in (5), we define the realized entropic-risk

token cost C' () and select the smallest grid price that meets the budget level b,

C(\) = 10g< ZZe"’c*(q“”& ) ) N = min{\ € A : C(\ < b}. (17)

2151

Here, we consider that the price grid A is wide enough that its largest price meets the budget.

We use bisection search to find Xb, because C (\) is non-increasing in A. Specifically, fix a query g,
and let (7,n) and (7/,n’) be its selected pairs at two prices A < \'. By (16), it holds that

?<> AM(q)" > Vy(n'sq) — AM(g)",
Ve (n';q) = NM(q)™ > Vi(n;q) — N M(g)™.
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Adding these two inequalities cancels the accuracy terms and yields
(N =N (M(g)" = M(g)") <0

Since rollout lengths are positive, we have M(q) > 1, and hence n’ < n whenever A < X.
Consequently, the selected rollout count 715 (g;) is non-increasing in A\ for each ¢;. On a fixed
ordering, a shorter prefix spends no more tokens, so every ¢)(g;; os), and therefore C'()), is non-
increasing in A.

After Xb is selected, PRICE-oracle commits the pair in (16) at this price and returns the correspond-
ing vote, as summarized in Algorithm 1.

Algorithm 1 PRICE-oracle
Input: queries ¢1,. .., gg with their rollout pools and correct answers; budget b; risk «; grids 7
and A
1: > Phase 1: estimation of the primitives and bisection search of Xb
2: for each query ¢ do
3:  Estimate ‘A/T(n; q) and Z/W\(q) using (14) and (15)
4: end for R
5: Bisection search for )\, using (17)
6
7
8
9

: > Phase 2: commit
: for each query ¢ do

Commit the pair in (16) at A = Xb and return the corresponding vote
: end for

Given a specified budget level b, Algorithm 1 yields an estimate of the point on the Pareto frontier
P24 associated with b. And the entire frontier is traced by varying the budget level b. By the
Lagrangian form in Proposition 1, each budget b corresponds to a supporting price Aj, so sweeping
the budget is equivalent to sweeping the price A. Therefore, to display the entire Pareto frontier in
later §4, we directly sweep A € A for Algorithm 1.

We emphasize that PRICE-oracle uses each query’s own rollouts to estimate its accuracy curves and
cost MGF, which is not implementable for a new query. However, it can be interpreted as follows.
When the primitives are given on the queries’ own labeled rollouts, it tells us how much gain the
optimal adaptive policy can offer over the baseline methods; see §4.1.

B.2 PRICE-DEPLOYED

In the deployed setting, we have neither a rollout pool nor the correct answer of a new query. We
thus predict its accuracy curves and cost MGF from previously observed queries. Specifically, we
construct a labeled calibration corpus and compute both primitives for each calibration query by
(14) and (15). We split the corpus into fitting queries, on which we fit two predictors, and held-out
queries, which are reserved for the price search below. The first predicts the accuracy curves across
temperatures and rollout counts using the query embedding and label-free statistics from the rollouts
generated so far, including answer agreement, score distributions, and rollout lengths. The second
predicts the cost MGF from the query embedding and updates this prediction using the observed
rollout lengths. As new rollouts arrive, both predictions are refreshed, allowing the estimates to
improve online. With a slight abuse of notation, we keep writing V- (n; q) and M (q) for the current
predictions. Appendix B.3 details the calibration corpus and fitting procedure.

Another major difference from PRICE-oracle is in how the rollout count is chosen. Instead of
committing the count that maximizes the net value in (16), PRICE-deployed uses a sequential
stopping rule. After each rollout n, it evaluates the predicted accuracy at the best temperature,
V*(n';q) = max,c7 V- (n'; q), at the current count and the next few counts n’ > n, and records
the accumulated token cost L,, = ) ., ¢;. Ataprice ), it stops when the largest predicted average
accuracy gain over the next w rollouts no longer exceeds the priced marginal cost of another rollout,

~ ~

V*(n+j;q) — V*(n;q)

max
1<j<w

< At (M(g) - 1). (18)
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Algorithm 2 PRICE-deployed

Input: labeled calibration corpus with pooled rollouts, split into fitting and held-out queries; budget
b; risk ; grids T and A; window w; step sizes 1;; query stream ¢y, go, . . .

1: > Phase 1: calibration and bisection search of \p

2: Fit the accuracy and cost predictors on the fitting queries, using targets from (14) and (15)
3: Bisection search for A\, € A using (17) on the held-out calibration queries

4: Initialize \; < Xb

5: > Phase 2: sequential rollouts and online price updates

6: fort =1,2,...do

7 Setq < g, A< A,and Lg < 0

8 forn=1,2,...do

9: Draw rollout (¢,,, ¢y, ay,); set Ly, < L1 + ¥,
10: Obtain the current predictions V. (k; q), for 7 € T and n < k < n + w, and M (q)
11: Break if (18) holds

12:  end for

13: > Commit R

14:  Select 7(q) € argmax, e V- (n;q)

15:  Output the vote over the n observed rollouts at 7(q)
16: > Price update

17:  Set L") < L,, and update A, using (19)

18: end for

On the right-hand side, one more rollout is predicted to raise the MGF cost from L7 to e7En M (q).
The look-ahead window w prevents premature stopping when the next rollout alone offers little
gain but several additional rollouts may offer more. We use w = 4 in our experiments. After
stopping, PRICE-deployed aggregates the n observed rollouts using the estimated best temperature

7(q) € argmax,ec7 Vi (n;q).

We adopt the sequential stopping rule rather than the net value maximization in (16) for three rea-
sons. First, the accuracy curve estimates improve as more rollouts are observed, so deciding after
each rollout uses a better estimate than deciding once at the start. Second, L,, records the tokens
already consumed, allowing the rule to stop a query whose rollouts have already run long. Third, the
deployed adaptive-count baselines also use sequential stopping, so the comparison in §4.2 places
all methods under the same decision protocol. This sequential heuristic differs from the adaptive
policies analyzed in §3, which commit to the rollout count and temperature before generating any
rollouts. Therefore, the theoretical guarantees for the committed policies do not directly apply to
PRICE-deployed. We evaluate its performance empirically in §4.2, and leave a formal analysis of
its sequential behavior to future work.

Given a specified budget level b, it remains to find the estimate of its corresponding supporting price
Ap. We initialize the price with :\\b, found by the same bisection search as in Algorithm 1, now
run on the held-out calibration queries. We then update the price across the online query stream.
Specifically, let ¢; be the t-th arriving query and ) its price, initialized at \; = Xb. This price stays
fixed throughout the query’s rollouts. After the query finishes with total token cost L(*), we update
the price using a positive step size 1; via stochastic gradient ascent,

Atr1 = A exp{nt [eV(L(t)_b) - 1} } . (19)

The term in square brackets is the realized MGF cost divided by its target ¢?®, minus one. Thus
overspending raises the price for subsequent queries, while underspending lowers it. Algorithm 2
combines the calibration, sequential stopping, and online price update.

As with PRICE-oracle, Algorithm 2 gives the adaptive policy at one specified token budget level b.
To display the frontier across budget levels, it suffices to sweep each price A € A, and we present the
resulting frontier in §4.2. Appendix C.10 further examines how closely a price calibrated in advance
on held-out queries meets the requested budget for the new incoming queries.
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B.3 CALIBRATION OF PRICE-DEPLOYED

The reward-curve predictor outputs the full temperature-by-count array V,-(m;q) for the 13 tem-
peratures and counts m < 64. Its inputs are a 32-dimensional projection of the normalized query
embedding and label-free statistics of the rollouts drawn so far, namely how much the answers agree,
the mean, spread and extremes of the raw self-evaluation scores, the rollout lengths, summaries of
the answer favored at each temperature and the current count. The predictor is a ridge regression
whose penalty is selected on the tune queries by the error of the predicted curves, and its targets are
the reward curves of the calibration queries computed as in Algorithm 1. Predictions are clipped to
[0,1]. The array is recomputed at counts 1,2, 4, 8,16, 32,48 and 64 and reused in between, while
the stopping test of Algorithm 2 runs at every count.

The cost predictor is a ridge regression of log M (q) on the same embedding features. After each
rollout it is blended with the empirical MGF of the lengths observed so far, with a weight on the
prior that decays as more rollouts arrive. The window of the stopping rule, w = 4, was selected over
w = 1 by the accuracy of the resulting frontier on the tune queries. The main tables read the price
of each column budget retrospectively on the test sweep, and Appendix C.10 applies prices chosen
in advance on the audit queries. No test label enters any of these choices.

C EXPERIMENT DETAILS

We distinguish three experimental settings. The deployed comparison evaluates a controller fitted
on separate calibration queries. The split-pool oracle estimates each query’s primitives on one half
of its rollout pool and evaluates the resulting actions on the other half. The in-sample diagnostics
estimate and evaluate reward curves on the same pool to illustrate the theoretical mechanisms. These
settings use different score fits and cost readouts, specified below.

C.1 DATA, SCORES AND REPLAY

Rollout pools and grading. Every experiment replays a fixed pool of 128 rollouts per MATH-
500 query, generated once per generator at sampling temperature 0.8, top-p 1.0 and at most 2048
new tokens per rollout. Queries whose reference answer coincides with the abstention cluster are
excluded. A voted answer is graded correct when it belongs to the verified set of correct answers of
the query, so equivalent correct answers are not forced into a single string. Abstentions cast no vote,
and a vote with no valid answer is counted as incorrect.

Calibration corpus. PRICE-deployed learns from 7,425 MATH-train queries with 64 rollouts
each, split into 5,197 fit, 1,115 tune and 1,113 audit queries. Repeated question texts stay in the
same split, and no question text overlaps MATH-500. Fit queries determine the score CDF, the
embedding projection and the predictors, tune queries select hyperparameters, and audit queries
determine prospective prices after every other choice is frozen.

Self-evaluation score. For each question and extracted candidate answer, the generator is asked
whether the answer is correct, and the raw score is the probability it assigns to the True token variants
after normalizing over the True and False variants (Kadavath et al., 2022). The vote uses the rank
transform

> wery, Hz < p}
|Pae| + 1 ’

o(p) =

fit once on the rollouts of the fit queries and applied unchanged everywhere else. In the split-pool
oracle of §4.1, the transform is instead fit on the pool half A of each split direction and applied to
both halves, so B scores never enter the fit. Llama’s deployed scores were recomputed with a pinned
implementation of the verification prompt, whereas its oracle experiment uses an earlier score cache,
so the oracle and deployed Llama results are not compared with each other.
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Voting grids and ties. The inverse-temperature grids are

Towen = {0,0.1853,0.3705,0.7411, 1.4821, 2.5937, 3.7053,
5.558,8.1517,11.857, 15.4141, 21.5279, oo},

Titama = {0,0.2345,0.469, 0.938, 1.876, 3.283, 4.69,
7.035,10.318, 15.008, 19.5104, 27.2489, oo},

coefficients in e™®. Equal vote totals at a finite temperature are broken in favor of the answer holding
the highest single score, and equal scores by a fixed enumeration of the answers. The split-pool
oracle breaks ties by the enumeration alone. External baselines keep their own conventions.

Replay and budget readouts. Each test query is replayed along 64 fixed orderings of its pool.
A reported budget is the entropic risk of the realized token sums, b = % log E[e], averaged over

queries, orderings and any randomization between two policies, and accuracy is averaged the same
way. Every method is swept, and its sweep is read at a column budget by mixing the two adjacent
policies on the MGF scale €7, so that the mixture spends the budget exactly. Fixed-count methods
are read at the count that spends the budget, and the other methods at the best feasible point of their
sweep, which can leave budget unused once accuracy saturates. Token counts cover generation only
and exclude scoring, embeddings, prediction and calibration.

C.2 BASELINES AND BUDGET MATCHING

All six baselines are replayed on the same pools, orderings and horizon with their original
voting and stopping conventions. SC and BoN use the same self-evaluation replay as PRICE.
CISC weights each rollout by e?/T with the raw self-evaluation probability p, and its divi-
sor temperature 7' is selected on the tune queries from 80 geometrically spaced values by
the average accuracy at five and ten rollouts, giving 7' = 1.12 for Qwen and 7' = 0.89 for
Llama. SC sweeps the counts {1,2,3,4,5,6,7,8,9,10,12,14, 16,19, 22,27, 32, 39,48, 56, 64},
BoN sweeps {1,2,4,8,16,32,48,64} and CISC sweeps {1,2,3,5,7,10,15,20,30}.
Adaptive-Consistency  uses its  beta-stability  stopping  statistic ~ with  thresholds
{0.5,0.7,0.75,0.8,0.85,0.9,0.95,0.99,0.995,0.999} at a cap of 64 rollouts. ESC stops at
the first unanimous window and sweeps the window and the cap, with windows 2 to 10 and caps 2 to
64. DeepConf keeps its lowest-group, bottom-ten-percent and tail confidence statistics, sweeps the
retained fractions 0.1 and 0.9 and the counts {2, 4,8, 16,24, 32,48, 64}, and weights the retained
answers by confidence.

An operating point of any method records its population accuracy and its realized MGF cost C' =
E[e7L]. Reading a sweep at a budget b with Cy < €?* < ) for two adjacent points mixes them
with weight
e”b — C()
0= i —Co’ Rb—(l 0)R0+9R1,

where the choice between the two policies is made independently of the query’s rollouts. The six
column budgets of Table 3 are the realized budgets of SC and BoN at n = 3,4,5,8,10 and 22
rollouts, so their entries are exact operating points, and BoN’s row follows its decline with n rather
than its best count.

C.3 SPLIT-POOL ORACLE

The oracle experiment of §4.1 splits each 128-rollout pool into two disjoint halves A and B, in
four random partitions evaluated in both directions. Each half supplies 256 orderings, on which the
reward curves at counts 1,...,64 and all 13 temperatures and the cost MGF are computed as in
Algorithm 1. The A primitives determine the actions at A = 0 and at 16,385 geometrically spaced
prices from 107189 to 10, separately for the joint policy and for each fixed temperature with its
own per-query counts. The chosen actions are executed on B, whose labels and token sums give
the accuracy and the realized budget of every price. The hindsight-best fixed temperature is read
on B at each column budget. The fixed-count SC and BoN rows use one common count for all
queries, averaged over the eight split directions, and are read at the column budget by mixing the
two adjacent counts.

Figure 5 shows the resulting frontiers.
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Figure 5: Split-pool frontiers of PRICE-oracle with the self-evaluation score ((a) Qwen2.5-1.5B,
(b) Llama-3.2-3B). PRICE-oracle, the best global temperature and SC all choose per-query counts
from the A primitives and are evaluated with the actual B token sums. The best global temperature
is selected at each budget after seeing the results, so the orange curve is an envelope over fixed rules
rather than a single policy.

C.4 IN-SAMPLE FRONTIERS OF FIGURE 2

Figure 2 uses the in-sample protocol of Algorithm 1 on each query’s full pool, with the self-
evaluation score rank-normalized on that pool. The reward curves at every temperature and count
are estimated from random orderings of the pool, the cost of n rollouts is M (g)"™ with M (q) the
mean of €7* over the pool, and every frontier is the exact solution of the priced problem on these
estimates, swept over the price. The panels show the Level-3 queries of MATH-500, the difficulty
band on which the fixed rules separate most. The intermediate fixed temperature is one interior grid
value, the same in both panels. A red dot marks a budget at which the lead between two fixed rules
swaps. Appendix C.5 repeats the figure on the full population with two further scores.

C.5 FULL-POPULATION CROSSING FRONTIERS

Figure 2 in the main text shows the Level-3 queries of MATH-500 under the self-evaluation score,
the band where the frontiers separate most. Figure 6 repeats it on the full population and the full
budget range, adding the Likelihood and Self-certainty scores. The three Qwen2.5-1.5B panels each
show a lead swap among the fixed rules (red dots), and where the swap hugs the low-budget edge
the inset plots SC’s accuracy gap to each competitor, whose sign flip through zero is the crossing.
On the full Llama-3.2-3B population, BoN leads SC only at the smallest feasible budgets and by
about 0.2 points, so the bottom row carries no markers, and the Level-3 band of Figure 2 is where
the swap is visible on both generators. In every panel the adaptive frontier stays above all three fixed
rules.

Temperature grid and . The temperature grid of this in-sample protocol is expressed in units of
a per-generator, per-score spread s, so that the pinned intermediate rule 7 = 0.4/s sits at the same
relative position in every panel. The spreads s and per-generator values v* are estimated on a held-
out calibration split of 100 queries, and all frontiers are then replayed on the full 500 queries. The
per-generator values are v* = 1.5 x 1072 for Llama-3.1-8B and 2.9 x 10~ for Llama-3.2-3B and
Qwen2.5-1.5B, and the shared headline value v = 2.9262 x 1073 is their median. At each price, the
replay solves the per-query problem (16) on the finite temperature and count grid by enumeration
and commits the resulting pair, as in Algorithm 1. Plotted frontiers are the upper concave hull of
100 sampled population policies in B = ¢7°.

C.6 ADAPTIVE VOTING ACROSS SCORES

The main text uses the self-evaluation score. To see how the choice of score moves the picture, we
repeat the in-sample oracle comparison of Appendix C.4 with five commonly deployed per-rollout
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Figure 6: Figure 2 on the full MATH-500 population, with the Likelihood and Self-certainty scores
added; panels (a)—(c) Qwen2.5-1.5B, (d)—(f) Llama-3.2-3B. Red dots mark the budgets at which the
lead among the fixed rules swaps, and the inset in panel (a) shows the pairwise gap of SC over each
competitor crossing zero. On the full Llama-3.2-3B population BoN leads SC only marginally at
the smallest budgets, so panels (d)—(f) carry no markers.

scores on the same rollouts, adding a third generator, Llama-3.1-8B. Self-evaluation (Kadavath et al.,
2022) is the probability the generator assigns to its answer being correct when asked, as in the main
text. Self-certainty (Kang et al., 2025) measures how far the generator’s next-token distributions
along the rollout are from uniform, averaged over the rollout. Likelihood is the length-normalized
log-probability of the rollout under the generator. DeepConf (Fu et al., 2026) is the lowest group
confidence, the minimum over sliding windows of the mean token confidence. The Skywork process
reward model (PRM) (He et al., 2024) is a separate model trained to judge reasoning steps, and we
use its score for the final step. The first four are self-assessments computed from the generator’s own
outputs, whereas the PRM queries a second model. Each score is rank-normalized by its empirical
CDF over the pool before entering the vote. For every score column we run SC, BoN and the full 13-
temperature grid, and report the column’s hindsight-best fixed temperature, the single temperature
that maximizes accuracy separately at every budget. Skywork PRM is included so that the full
score-quality axis is visible, but it stands apart, since its per-rollout scoring cost is a forward pass of
a separate model and lies outside the token accounting (Table 4, dagger), which is why the main-text
comparison is verifier-free.

In Table 4, adaptive voting is the best rule in every cell. Over all 45 (generator, score, budget) cells it
beats the SC anchor and the hindsight-best fixed temperature. Fixed score-based rules fall below SC
exactly on the weaker scores, where the value of adapting the rule is largest, and the gap contracts
as the score becomes more informative.

C.7 THE REALIZED COST TAIL UNDER DIFFERENT RISK PARAMETERS

Figure 7 shows how the risk parameter shapes the realized cost tail of PRICE-oracle under the
in-sample protocol of Appendix C.4. Sweeping v € {107°, 3x107°, 1074, 3x107%, 1073,
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Table 4: Score-grid robustness readout (MATH-500; accuracy % at budgets b € {2,5,30}k;
subscripts = difference from the SC anchor). “Best fixed 77 is the hindsight oracle chosen per
(column, budget). TPRM queries a separate verifier whose scoring cost is outside the token budget.

Qwen2.5-1.5B Llama-3.2-3B Llama-3.1-8B
Method b=2k b=5k b=30k b=2k b=5k b=30k b=2k b=5k b=30k
SC (7=0) 53.7 59.6 66.3 49.6 54.9 61.8 47.8 54.0 62.3
Self-evaluation
BoN (7=00) 52314 53855 548115 467 30 48.0-69 491125 454 5, 481 59 503199
best fixed 7 (hindsight) 55.5;15 60.6.10 665,035 50.1.05 54.9 61.8 48709 548,109 625,02
PRICE-oracle 572,35 635,39 70643 51.8,2> 574,55 64.6. 5 502,54 572,33 663,
Self-certainty
BoN (7=00) 53.0_07 55.6_40 598 5 472 54 497 55, 537 .51 46513 499 ., 544 .,
best fixed 7 (hindsight) 552, 60.5.09 67.0505 502,05 552402 61.8 488,10 545,05 62.3
PRICE-oracle 56.1+-3_4 61.9+-3_4 69.3+3_1 51.1+1 5 56.7+1 8 64.1+2}3 49.7_1 9 56.0_2_0 64.4+2_1
Likelihood
BoN (7=00) 53097 55837 60359 473 .54 497 55 539 79 464 ., 498 ,, 544 74
best fixed 7 (hindsight) 553,16 60.5:09 669,05 502.05 552403 61.8 488,10 545,056 62.3
PRICE-oracle 561.,4 619.,.5 691,59 511,55 56.6,.,7 638,20 497,19 559,19 642,
DeepConf
BoN (7=00) 53.0 07 558 35 604 59 480 17 508 41 55563 471 97 508 35 564 54
best fixed 7 (hindsight) 55.2.15 604,05 666,04 504,05 554,05 61.8 49.0.15 546,07 62.3
PRICE-oracle 56.0+2_4 61.8+2_2 68.9+2_7 51.34,1‘7 56.84,10 63.84,2,0 49-8A2_] 55-9A] 9 64.3+2_]
Skywork PRMT
BoN (T:OQ) 60.8+7,1 67.3+7,7 74<3+&(J 55.4+5‘7 61.6+(;‘<; 68.9+7,U 53.OA5,2 59.6A5,7 6741+,1,3
best fixed 7 (hindsight) 60.8.7; 675,79 748,55 554,57 616467 691,75 530,55 598,558 67955
PRICE-oracle 61.1+7_4 68.3+g_7 76.74,10,; 55.84,6,2 62.84,7‘8 72.04,10}2 53.5A5>8 61.1A7>1 70.6+g_3

2.9x1073} at matched work (72 ~ 8 at every v, using at each 7 the policy whose mean count is
closest to 8), it reports the 99th-percentile over-spend: the smallest ¢ such that 99% of queries cost
at most b + ¢ tokens. Raising v collapses this over-spend from 14-20k tokens to under 1k on
every generator and score, while the mean cost stays essentially flat (4,647 — 4,258 tokens on
Qwen-PRM). At the largest swept -, the value used in the main text, fewer than 1% of replayed
costs exceed their risk budget by 1024 tokens. Accuracy is not held fixed across -y in this sweep, and
the over-spend is measured relative to b.,, which itself grows with .
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Figure 7: Empirical overspend relative to the risk budget ((a) Qwen2.5-1.5B, (b) Llama-3.2-3B,
(c) Llama-3.1-8B; shared y range): p99 over-spend beyond b vs. v at matched work (72 ~ 8 per ),
five scores. 99% of queries spend at most b plus the value shown; the dashed gray line marks zero
over-spend, and the collapse is uniform across scores and generators.
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C.8 THE LARGE-BUDGET LAW ON LLAMA-3.2-3B AND HORIZON SENSITIVITY

Population gap. For the rate diagnostic of Figure 3 we rebuild the reward curves of every query
with the deployed self-evaluation scores from 512 orderings of its pool, truncated to n < 64, and
solve the priced problem exactly over all counts and temperatures at 400 log-prices. The budget axis

is % log E, [J\//f (g)™a] for the chosen counts n,, with M (q) the mean of e?* over all 128 lengths of
the query’s pool, as in Algorithm 1. The population gap is the distance to the finite-horizon ceiling
E, max,<n,r V-(n; q), retained where it exceeds 5 x 10~%, and the terminal slope is fitted to the

log gap over the upper quarter of the retained budget range. The fits use 73 points at 56k—74k tokens
on Qwen and 94 points at 74k—97k on Llama, with R? = 0.993 on both.

Per-query exchange rates. A query enters the solvable set when some temperature reaches

~ ~

V:(N;q) > 0.999. At each such temperature we fit log(1 — V. (n; q)) against n over the counts
with positive empirical error, requiring at least three of them, take the steepest fitted decay, and

divide it by log M (g)/~ to obtain the exchange rate (12). On Llama-3.2-3B the terminal slope is
0.66 x 10~ per risk-adjusted token against a median exchange rate of 11.26 x 10~%,a 17.1x sepa-
ration at the 0.4th percentile of the fitted rates (Figure 8). Table 5 repeats the fits at horizons 32 and
48, where the slope stays at the slow edge of the query rates.

Generator N proxy fitted slope slowestrate slope percentile
Qwen2.5-1.5B 32 271 247  2.10 1.53 2.02
48 296 272 1.21 1.08 0.37
64 309 285  0.85 0.81 0.70
Llama-3.2-3B 32 215 179  1.66 0.64 1.12
48 248 212 1.06 0.64 1.89
64 265 229  0.66 0.64 0.44

Table 5: Horizon sensitivity of the rate diagnostic, with consistency threshold 0.999. Slope and
slowest fitted rate are in units of 10~* per risk-adjusted token. The final column is the percentage of
fitted query rates at or below the population terminal slope.
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Figure 8: The large-budget law against the data on Llama-3.2-3B, with the protocol of Figure 3.
The terminal slope is 0.66 x 10~* per risk-adjusted token, 17.1x below the median of the fitted
exchange rates.

C.9 WHERE THE TOKEN BUDGET GOES

Having seen in §4.2 that PRICE-deployed beats the baselines, we now open the box and ask how it
does so. MATH-500 is stratified by difficulty into levels 1-5, which lets us investigate how different
difficulty levels consume the budget. We fix a small, a medium, and a large budget (b = 2k, 8k, and
32k tokens) and read Figure 9 row by row.

The top row shows the generated tokens per level. At every budget, the token spend rises with
difficulty, but the rising speed changes with the budget. When the budget is scarce (b = 2k), Levels 3
to 5 use almost the same amount of tokens. When the budget is ample (b = 32k), Level 5 receives
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4.6x tokens of Level 1 because the easy queries have already saturated and the additional budget
flows to the harder ones.

The bottom row shows the rollout counts that PRICE picks. At the small budget, the count decreases
with the level. This does not contradict the top row, since harder queries typically generate longer
rollouts, so fewer rollouts still cost more tokens. When tokens are scarce (b = 2k), PRICE protects
the rollout counts of the easy queries and trims the rollouts of the hard ones, whose draws cost more.
As the budget grows to b = 32k, the hardest level receives about three times the rollouts of the
easiest because, with sufficient budget, the harder the query, the more rollouts it needs. Llama-3.2-
3B replicates the pattern below.

b =2k tokens b =8k tokens b =32k tokens
2.0
. = T
32 = 'y
E » 151 5 5.0 _./ 20 -
g E =1 S T l
i : 1 gl
L 104 25188 = 51
—_—
T T T T T T T T T T 0 - T T T T T
L1 L2 L3 L4 L5 L1 L2 L3 14 L5 L1 L2 L3 L4 LS
6 20 -
= 40 A
g 0,
9 . =T EeR o. ./-
A s o 11 T
° = 10922 20 o
e 10| og
2 -
L1 L2 L3 L4 LS Ll L2 L3 L4 LS L1 L2 L3 L4 LS
MATH level MATH level MATH level
(a) b=2k: fewer rollouts (b) b=8k: harder queries now (c) b=32k: far more rollouts
on harder queries get more rollouts on harder queries

Figure 9: Allocation by MATH level of PRICE-deployed (Qwen2.5-1.5B; boxes = IQR with p10-
p90 whiskers, dark-gray median, mean dot-line).

Figure 10 repeats Figure 9 on Llama-3.2-3B with the same budgets 2k, 8k and 32k, read from the
retrospective frontier of PRICE-deployed. Each observation is a query’s mean generated tokens or
rollout count over its 64 orderings, and the boxes summarize the queries of one MATH level. The
difficulty level is never an input of the controller. At the three budgets the population mean generated
tokens are 1,651, 6,181 and 15,168 on Qwen and 1,559, 5,664 and 15,673 on Llama. On Llama the
Level 1 and Level 5 mean tokens at 32k are 4,353 and 25,299, a 5.8 x ratio, and as on Qwen the
hardest level receives fewer rollouts than the easiest at 2k but more at 8k and 32k.

C.10 PRICES CHOSEN IN ADVANCE

The main tables read the price of each budget retrospectively on the test sweep, which treats PRICE-
deployed like the baselines but leaves open whether a deployer can meet a budget fixed in advance.
To test this, we select the two adjacent prices and their mixture weight on the 1,113 audit queries of
the calibration corpus, with the controller frozen, and apply them unchanged to MATH-500. Table 6
reports the requested and the achieved risk budgets together with the accuracy. The achieved budget
exceeds the request by 0.1-0.9% on Qwen and by 0.5-3.8% on Llama, and the accuracy is within
0.2 points of the retrospective readout, so a price calibrated on independent queries transfers with a
small overspend.

D PROOFS

D.1 PRELIMINARIES: WEIGHTED VOTING AS COMPETING RANDOM WALKS

The appendices prove every result of the main text, and they open with this preliminary section,
which develops once the analytic backbone all later proofs share: the Boltzmann weighted vote
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20 b =2k tokens b =8k tokens b =32k tokens
. T 75 —/T I T o=
=2 —_—— 0 N °
£Z 51 = 50 g 20 1 m
5 g / o
S5 3 O /h
5% 1097 254 ° T =
= = B
T T T T T T T T T T 0 - 'I T T T T
L1 L2 L3 L4 L5 L1 L2 L3 14 L5 Ll L2 L3 L4 LS
- 20 - [
g 01T I [ B
3 5.0 1 1>
5 Ll ——e L, o ]
o —_— 10 - ,/___ — 20 - ./‘
T 251 5 - ‘B!
L1 L2 L3 L4 LS Ll L2 L3 L4 LS L1 L2 L3 L4 LS
MATH level MATH level MATH level
(a) b=2k: fewer rollouts (b) b=8k: harder queries now  (c) b=32k: far more rollouts
on harder queries get more rollouts on harder queries

Figure 10: Allocation by MATH level on Llama-3.2-3B (PRICE-deployed with the self-evaluation
score), with the same budgets and summaries as Figure 9. Token spending increases with difficulty
at every budget, while the rollout count contrast between Level 1 and Level 5 reverses between 2k
and 8k.

Qwen2.5-1.5B Llama-3.2-3B
budget b — 37k 53k 6.7k 11.6k 145k 32.0k 4.4k 6.2k 8.1k 13.8k 17.4k 40.4k
Requested budget (tokens) 3,680 5,291 6,658 11,553 14,516 31,983 4,426 6,235 8,072 13,784 17,426 40,399
Achieved budget (tokens) 3,713 5305 6,663 11,574 14,545 32,040 4,593 6,380 8,251 13,999 17,613 40,600
overspend (%) +0.9 +03 +0.1 +0.2 +0.2 +0.2 +3.8 +23 +22 +1.6 +1.1 +0.5

Accuracy (%), price chosen in advance  61.4 633 643 662 66.6 67.6 548 565 576 592 597 609
Accuracy (%), price read retrospectively 61.3 633 643 662 66.6 67.6 546 563 575 592 597 610

Table 6: Prices chosen in advance. For each budget of Table 3, the price of PRICE-deployed is
selected on the audit queries of the calibration corpus and applied unchanged to MATH-500. The
achieved entropic-risk budget overshoots the request by at most 0.9% on Qwen2.5-1.5B and 3.8%
on Llama-3.2-3B, and the accuracy matches the retrospective readout of Table 3.

reduces to a family of competing random walks, one per wrong answer, and each question the pa-
per asks about the vote becomes a question about those walks at a progressively finer resolution.
§D.1.1 records the decomposition, the equivalence between winning the vote and keeping every
walk positive, and an elementary error floor that needs no asymptotics. §D.1.2 settles the law-of-
large-numbers regime, where drifts decide the race, and proves the consistency results of §2. §D.1.3
carries out the large-n error analysis: on a consistent query the error is a lower large deviation of
positive-drift walks, with exact exponential rate given by Cramér’s theorem and constant-prefactor
refinement by the Bahadur—Rao theorem. §D.1.4 makes those estimates uniform in the temperature,
the form the temperature-optimization proofs consume. §D.1.5 converts the rates into the fact about
the reward curve V. (+; ¢) quoted repeatedly downstream: its constant error floor at inconsistent tem-
peratures. The remaining subsections are organized by main-text section and consume this toolkit;
Table 7 records where each main-text result is proved.

Result Proved in
Theorem D.1 (consistency criterion, stated in Appendix D.1.2) Appendix D.1.2
Theorems 1 and 2 Appendix D.2
Proposition 1 (strong duality) Appendix D.3
Lemma D.9 (attainment of the per-query maximum) Appendix D.3

Proposition D.1 (per-query large-budget optimum, stated in the appendix)  Appendix D.4.2
Proposition D.2 (asymptotically optimal policy, stated in Appendix D.4.4) Appendix D.4.4
Theorem 3 (asymptotic frontier) Appendix D.4

Table 7: Where each result is proved.
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Formal policy convention. Definition 2.2 is formalized as follows. A randomized committed
policy is a measurable probability kernel ¢ ~— 1, on II*d (or on II(7) for a fixed-voting policy).
Conditional on g, the action (7,n) ~ p, is drawn independently of the rollouts; reward and cost
average over this auxiliary draw as well. A point-mass kernel is called pure and is identified with
its pair m; = (7(¢),n(¢)). In constraints such as m, € II, the notation means supp(y,) C II
Randomization convexifies the population budget problem, while Lemma D.8 shows that each per-
query Lagrangian optimizer can be chosen pure.

Two standing conventions are in force throughout the appendices. First, ties at the weighted-vote
argmax of Definition 2.1 are resolved as follows: at 7 > 0 by the fixed deterministic rule (a null event
under the regularity below, Lemma D.9), and at 7 = 0, where count ties have positive probability,
first by the total score >, ¢;1{a; = a} of the tied answers, then by the deterministic rule. The

7 = 0 clause is the 7 | 0 limit of the vote (¢7® = 1+ 7¢ + O(7?), so a small temperature compares
counts first and total scores second); it is what makes 7 +— V;.(n; ¢) continuous at 0 and hence the
maximum over 7 in (50) attained (Lemma D.9). It changes V(n;q) only on count-tie events at
finite n, which are exponentially rare on any query where 7 = 0 is consistent, so the consistency and
leading exponential-rate conclusions are unchanged. Finite-budget reward values and frontiers can
depend on the tie convention. Second, the following mild regularity condition holds; it is a modeling
condition on the underlying score law. Empirical-CDF scores take finitely many values and need not
satisfy it; the finite-grid empirical search attains its maximum without a continuity argument. The
only exceptions are the two explicit counterexample constructions (the instance of Example D.1 and
the two-query population built for Theorem 1), which use discrete scores and invoke only estimates
that do not require the condition.

We also impose the standard measurability needed for population optimization: ¢ — M (q) and
(¢, 7) — V-(n; q) are measurable for every n, and the pointwise suprema below admit measurable
e-maximizing selectors. Under these conditions the displayed expectations are well defined and the
interchange of pointwise optimization and integration in Proposition 1 is valid. This condition is
automatic, for example, for a standard Borel query space with a measurable rollout kernel and the
Carathéodory integrands supplied by Assumption 1.

Assumption 1 (Score regularity). For every q and every a with p(a | q) > 0, the class-conditional
score law p(¢ € - | a,q) is atomless.

D.1.1 THE PAIRWISE DECOMPOSITION AND THE WIN EVENT

Fix a query ¢ with correct answer a* = a*(q), and collect the wrong answers the LLM actually
produces,
Ay = {aEA: a#a*,p(a|q)>0},

the support competitors. Whether the vote returns a* is a pairwise comparison against each of them,
and each comparison is a random walk: for a € A, and 7 € [0, Tmax], define the per-rollout lead
increment and the lead walk:

XM (r) = ™ (1{a; = a*} — 1{a; = a}),

S () =" X\ (1) = We(a*,m59) — Wer(a,n:q), (20)

i<n

the accumulated Boltzmann weight by which a* leads a after n rollouts. Conditional on ¢ the
increments are i.i.d. and bounded, | X i(a) (1)] < e™=x_ For clarity, we suppress the dependence of

SS{I) on 7 and ¢, without ambiguity. When |.A| = 2 there is a single walk and the picture is a plain
race: the vote returns the correct answer exactly when its lead is positive. With several competitors
the same statement holds walk by walk.

Lemma D.1 (Win event). Fix g, T € [0, Tyax), and n > 1. Then

{min S > 0} C {a;(n;q) =a*}, {min Sl < 0} C {a(n;q) #a*},

a€A, a€A,

and the error event is sandwiched between the strict and non-strict lead losses:

U {8 <0} ¢ {a-(mq) #a*} < |J {8~ <0} @1

acA, a€A,
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The proof of this lemma is elementary and omitted; it is a direct consequence of the definitions (20).
Remark 1 (Ties and leading-rate bounds). The two inclusions in (21) differ only on the tie events

{Sy(la) = 0}, which the fixed rule resolves. Throughout the appendices we use (21) one-sidedly,
upper-bounding the error by the non-strict union and lower-bounding it by the strict one, so every
stated bound is valid regardless of the tie rule. Moreover, ties are quantitatively negligible: for

T > 0, Assumption 1 makes a tie at equal positive weights a null event, so P(S,(f) =0) = (1-p(a* |
q) —pla | q))n, the probability that no rollout hits a* or a.

Next, we record an error floor for Boltzmann weighted voting that requires no drift information

at all. If all n rollouts return the same support competitor a # a*, every lead {Xi(a) (1)}, is
non-positive and the vote errs by Lemma D. 1, so whenever p(a* | ¢) < 1,

1=Vi(n;q) =P(a,;(n;q) #a* | q) 2Plar = =a,=a|q) =pla]q)" > prpin,  (22)

for every T and every n, where
Pmin := min{p(a’ | q) : p(a’ | q) > 0};

we call (22) the unanimity floor.

D.1.2 THE LONG-RUN REGIME: CONSISTENCY

This section states and proves the consistency criterion deferred from §2.3.

Consistency is determined by the expected voting weight. Each rollout contributes weight €™ to its
generated answer, so the expected weight that answer a receives per rollout is

wr(a;q) :==E[LW,(a,n;q)] =p(a| q) E[e™ | a,q], (23)

which is the answer’s generation probability multiplied by its mean exponentiated score. Next, we
characterize the consistent sets C(7) and C*¢ through the expected voting weight.
Definition D.1 (Identifiability margin). For a query q and a temperature T € [0, Tmax|, the identifi-
ability margin is
07(q) == wr(a*(g);q) — max w-(a;q).
a#a*(q)

It measures how much larger the correct answer’s expected voting weight is than that of its strongest
incorrect competitor, so d*(g) > 0 means that the correct answer is identified in the infinite-rollout
limit under temperature 7. At 7 = 0, it is the probability gap p(a*(q) | ¢) — max,zq+(q) P(a | q)
between the correct answer and incorrect ones.

On the law-of-large-numbers scale the race is decided by drifts. Taking expectations in (20) and
recalling the expected per-rollout weight w, (a; ¢) of Definition D.1,

E[X{(7) | q] = wr(a*;q) —wr(a;q) > wT(a*;q)—;gg;g wr(a'sq) =0%(q), a€A, (24)

with equality for any competitor attaining the maximum in Definition D.1. The identifiability margin
0%(q) is thus the worst-case drift of the lead walks: it is positive exactly when every lead drifts
upward, for all @ € A,. Theorem D.1 is the law-of-large-numbers consequence of this picture.

Theorem D.1 (Consistency criterion). Fix 7 € [0, Tiax]. For every query q, a.(n;q) — a*(q)
almost surely as n — oo if and only if 6X(q) > 0. Consequently,
C(r) ={q:d(q) > 0}, C* = {q: 31 € [0, Tmax), 07(q) > 0}.

Proof of Theorem D.1. By the strong law of large numbers, simultaneously for the finitely many
a€ Ag

Lol 22 gx{(r)|q].

Sufficiency. If §%(q) > 0, then by (24) every limit is at least §7(q), so almost surely min, e 4 Si >
nd%(q)/2 > 0 for all large n, and Lemma D.1 gives a,(n; q) = a* for all large n, thatis a, (n; q) —
a*(q) a.s.
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b
Necessity. Pick a competitor a’ attaining the maximum in Definition D.1, so that %S,(L"' ) 0%(q)

b
a.s. by (24). If §%(¢q) < 0 then 59— —o0 as., so by Lemma D.1 a,(n;q) # a* for all large
n (no uniqueness among competitors is needed). If 6*(q) = 0 then w,(a*; q) = w,(a’;q) > 0, so

b
p(a* | ) and p(a® | q) are both positive and the increment X £a )(T) takes a positive and a negative

b
value with positive probability: 57(,,‘1 )isa non-degenerate centred random walk. By Chung—Fuchs

b b
recurrence liminf,, S = —oco as., so S < 0 infinitely often, and on those n Lemma D.1
gives a.(n;q) # a*; hence a,(n;q) /4 a* as. |

Theorem D.1 characterizes exactly which queries can be answered correctly through repeated roll-
outs. For a fixed temperature, increasing the number of rollouts only makes the empirical voting
weights concentrate around their expectations. Thus, repeated rollouts can recover the correct an-
swer if and only if it has the largest expected voting weight, or equivalently, if %(¢) > 0.

Example D.1 (Strict coverage gain on a heterogeneous population). Let Q put mass % on each of two

queries qa and qg. On q 4 the correct answer is a minority among the rollouts but scores high, and
on qp the correct answer is a majority but scores low. We construct an instance in which §*(qa) > 0
if and only if T > 7. and 0X(qp) > 0 if and only if T < ., for a threshold 7. € (0, Tiax). Every
fixed temperature therefore solves at most one of the two queries, sup, Py[C(T)] = % while the
adaptive class solves both, P, [C24] = 1. The detailed specification is deferred to Appendix D.1.2.

Details of Example D.1. Set 7,,x = 1 and let Q put mass % on each of two queries qa,¢p.

On both, the LLM produces only the correct answer a* and one wrong answer a, and the score is
deterministic given the answer, ¢ € {0.1,0.9}.

* On ¢4 the correct answer is a minority with the high score, p(a* | g4) = 0.4 with ¢ = 0.9
and p(a | ga) = 0.6 with ¢ = 0.1, s0 6*(qa) = 0.4€%97 — 0.6e%!™ > 0 if and only if
T > 7, :=10g(3/2)/0.8 ~ 0.51.

* On gp the roles are reversed, p(a* | gg) = 0.6 with ¢ = 0.1 and p(a | gg) = 0.4 with ¢ = 0.9,
$0 6 (qp) = 0.6 €% — 0.4e%97 > 0 if and only if 7 < 7.

By Theorem D.1, C(7) = {qa} for 7 > 7., C(7) = {¢p} for 7 < 7, and C(7.) = (. Hence
sup, Py[C(7)] = %, while C*? contains both queries and Py [C*%] = 1.

The example reveals why adaptive voting helps. When the correct answer is rare but well scored,
a larger 7 amplifies its score advantage. When it is frequent but poorly scored, a smaller 7 relies
more on frequency. Because these cases favor different temperatures, no single fixed rule performs
consistently across both.

D.1.3 LARGE-n ERROR DECAY: CRAMER AND BAHADUR—RAO RATES

On a consistent query every lead drifts upward, so an error at large n is a lower large deviation of
positive-drift walks, an exponentially rare event. This subsection fixes ¢ with 0 < p(a* | ¢) < 1 (if
p(a* | ¢) = 1then V,(+; ¢) = 1 and there is nothing to prove) and develops the exact rate. For every

a € A, it satisfies p(a | ¢) > 0, so the increment X{a) (1) = e™®1{a; = a*} — e™?1{a; = a}
takes a positive value (e™ > 1on {a; = a*}) and a negative value (—e™ < —1on {a; = a}), each
with positive probability. Its log-moment-generating function

Ay (0;7) = logE[eexia)(T) | 4]
is everywhere finite (the increments are bounded) and has three standard properties the proofs use.

* First, it is smooth and convex, with derivatives the tilted mean and variance: writing E? for
. . (a)
expectation under the tilted law dP? /dP o /%" (7),

A(0:7) =E' (X[ (1) [q], ML) = Var' (X{(7) [q) >0, (29)
the strict positivity because the increment takes both signs with positive probability, so it is non-

constant under every equivalent tilt; hence A, (-; 7) is strictly convex and A/, strictly increasing.
Yy €q y a y g
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 Second, its slope at the origin is the drift (24):
£, (0:7) = E[X{")(7) | g].

« Third, since Xf“) < —lon{a; = a}, every § <0 has ]E[eexi‘”] > p(a| q)el?, so
Ao (0;7) > logp(a|q)+ 6] for every 6 < 0, (26)
and in particular A, (0;7) — +o0 as § — —oo.
An error is a lower deviation of the lead, so the relevant tilts are non-positive, and the per-competitor

rate is
Ia(T) = _éré% Aa(e;T) € [0,00), (27)

non-negative because the infimum is at most A,(0; 7) = 0. The next lemma records when the rate
is positive, where the minimizing tilt sits, and that both vary continuously in the temperature.

Lemma D.2 (Rate—drift dichotomy, tilt cap, and continuity). Fix ¢ with 0 < p(a* | q) < 1 and
a € A,

(1) IfE[X ( ) | q] > 0, then A, (+; T) attains its minimum over R at a unique 0, (1) € (—o0,0),
characterized by N, (0,(7);7) = 0; he rate is 1,(7) = —Aq(04(7);7) > 0, and the tilt is
<0

capped: 0,(7)| < —logp(a | q) = —10g Prmin-
(i) FE[X\"(7) | q] <0, then I,(7) = 0.
(i) 7 — I,(7) is continuous on [0, Tmax]-

In particular, 1,(T) > 0 if and only if the lead over a drifts strictly upward.

Proof of Lemma D.2. Part (i). The slope A/(-;7) is continuous and strictly increasing with

AL (0;7) = E[X{a) (1) | g] > 0, and as § — —oo the tilted mean tends to ess inf Xfa) <-1<0.
Rising from a negative limit to a positive value at the origin, it has a unique zero 6,(7) € (—o0,0),
the unique minimizer of A,(-; 7) over R by convexity; since the minimizer is negative, restricting
the infimum in (27) to 6 < 0 loses nothing. As 6,(7) is a strict minimizer and A,(0;7) = 0,
the minimum value is strictly negative, so I,(7) > 0. For the cap, evaluate (26) at 6,(7):
logp(a | q) +10a(7)] < Aa(ba(7); 7) < Aa(0;7) = 0.

Part (ii). By convexity,
Aa(0;7) > Ag(0;7) + O A (0;7) = GE[X:EQ)(T) [q] >0

for every # < 0 when the drift is non-positive, so the infimum in (27) is attained at § = 0 and
I,(r)=0.

Part (iii). For bounded ¢ the map (0,7) — A,(0;7) is jointly continuous. By (26), any § <
logp(a | g) has Ay (0;7) > 0 > infgr<g Ag(0'; 7), so for every 7

lo(r) == min A (0;7),

9€[logp(alq), 0]
a minimum of a jointly continuous function over a fixed compact interval, hence continuous in
T. ]
The slowest competitor sets the rate of the vote. Define
I (q) := anggt I,(T), a® € arg ;gilq I,(1), (28)
fixing any one minimizer as a° if several tie (for a perfect query, p(a* | ¢) = 1, the competitor set
is empty and we use the convention I (g) := co). By Lemma D.2 and (24), I-(¢) > 0 if and only

if 0X(q) > 0, and 7 — I,(q) is continuous on [0, Trax]. When 6%(q) > 0, write 6° := 0,0 (7) < 0
for the slowest tilt and

o2 = N/ (6% 7) = Var” (X" (7) | ¢) > 0 (29)
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for the tilted variance, positive by (25).

Two bounds now read the error (21) off the walks, one in each direction, and both are quoted through-
out the appendices. In one direction, for any 6 < 0, {S,(f) <0} C {eesﬁb‘” > 1}, so Markov’s
inequality and independence give ]P’(Sr(la) <0) < E[eaxfa)]” = ™2 (7); minimizing over f < 0
and applying the non-strict side of (21) with a union bound yields the Chernoff bound, valid for
every T and every n:

]P’(S,(La) <0) < e Ma(m) and 1-Vi(n;q) <P U (8@ <0} | < |Ale @,
acA,
(30)
In the other direction, an exponential change of measure localizes the slowest walk just below the
origin.
Lemma D.3 (Tilted lower bound). Fix g with 0 < p(a* | q) < 1 and 7 € [0, Tmax] with 61(q) > 0.
With a®,0°, 02 as in (28)—(29) and P?° the law tilting each increment X{a )(7') of the slowest walk

o (ao)
02X (T for everyn > 1

1-=Vi(n;q) > P(S,(lao) < 0) > ¢ @) e_‘go‘ﬁpeo(—\/ﬁ < S,(fo) < O), (31)

bye

2

o*

o . .. . .
and under P?° the increments are i.i.d. with mean O and variance o

Proof of Lemma D.3. The first inequality is the strict side of (21). Under the tilted law the in-
crements remain i.i.d., with mean A/, (0°;7) = 0 (the defining property of the tilt) and variance

o2, by (25). Undoing the tilt via dP/dP?° = ¢=0°5%" #7802 (0i7) and keeping only the window
{—=v/n < Sff ) < 0}, on which e=0°SK) — locIsi > e~ 0%V

]P)(S;ao) < O) > EQO |:1{_\/ﬁ < S’gao) < O} e—QOSfLaO)-&-nAao (90;7'):|
> ¢~nir(a) eflﬂ"\\/ﬁ[pﬁ“(_\/ﬁ < ST(La") < 0)7
using Ao (0°;7) = =140 (1) = —1,(q). |
The two bounds already sandwich the error’s exponential order; the crude rate below needs nothing

further. The sharp, constant-prefactor form needs the slowest walk to be non-degenerate, which we
isolate now.

Assumption 2 (Unique, non-lattice slowest competitor). At the pair (q,7) the slowest increment

o
X fa )(7') is non-lattice, and the minimum rate (28) is attained at a single competitor a° (no other
competitor shares the slowest rate I..(q)).

Lemma D.4 (Error rate of the vote). Fix g with p(a* | q) < 1 and 7 € [0, Tyax| with 62(q) > 0.
(i) Crude rate. —2 log(1 — V;(n;q)) = I;(q), equivalently 1 — Vy(n; q) = e~ "Ir(@(+o(D),

(i1) Sharp rate. If in addition Assumption 2 holds, then

0 1
1 - Vy(n;q) = % e @ (14 0(1)), > 0. (32)

. |0°] o0/ 2w

Proof of Lemma D.4. Part (i): crude rate. The Chernoff bound (30) gives —% log(1-V,-(n;q)) >
I-(q) — + log | A|. For the reverse direction, the tilted walk of Lemma D.3 is a mean-zero i.i.d. sum

with variance o2, so the central limit theorem applied to —5%” /(06+/n) gives
P(—vn <807 <0) =P (0 < -8 < v/n) — ®(1/a5) — ®(0) > 0,
so0 (31) yields — 1 log(1—V;(n; q)) < I,(g)+]0°| n~1/2+0(1), sandwiching the rate at I, (g). (This

limit is Cramér’s theorem for the lower tail (Dembo & Zeitouni, 2010); we keep the self-contained
tilting argument because §D.1.4 reuses its constants.)
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Part (ii): sharp rate. The walk —Sﬁfo) has i.i.d. non-lattice increments with strictly negative mean,
log-MGF 6 +— Ao (—0; 7) minimized at |6°| > 0 with minimum value —I(¢) and second deriva-
tive 03 there, so the Bahadur—Rao theorem (Bahadur & Ranga Rao, 1960; Dembo & Zeitouni, 2010)
gives

a® a® CO —n O 1
P(S{") <0) =P(-8") >0) = Nk F@(11o(1), = 0 loovr (33)

For the upper bound on the error, the non-strict side of (21) and the union bound isolating the slowest
walk give
1-Vi(nig) < P(SI <0)+ Y P(SW <o),
a€Ay, a#a®

and by the uniqueness clause of Assumption 2 the second-slowest rate Is := mingea,, aa° I,(1)
strictly exceeds I (q) (with Iy = oo if a® is the only competitor), so (30) bounds the sum by
|A| ez = o(n=1/2e7™I (@) negligible against (33). For the lower bound, the strict side of (21)
gives 1 — Vi(n;q) > P(S") < 0) = P(SS) < 0) — P(SY = 0), and the tie probability
is negligible as well: Assumption 2 rules out the lattice case 7 = 0, and for 7 > 0 Remark 1
gives (S = 0) = (1= p(a” | ) = p(a® | ¢))" (zero if p(a® | q) + p(a® | q) = 1), while
E[e(’X{a%] > (1 —pla* | q) — p(a® | q)) + p(a® | q)e!?! for § < 0 shows I, (q) = —Aq0 (6°;7) <
—log(1 — p(a* | q) — p(a® | q)), so the tie term is o(n~'/2e~"17(9)). The error thus matches
]P’(Séao) < 0) to first order on both sides, giving (32). [ ]

D.1.4 UNIFORM BOUNDS IN THE TEMPERATURE

Optimizing the temperature requires the rate estimates of §D.1.3 to hold uniformly in 7, and the
obstacle is the constants: the tilt §° and the tilted variance o2 vary with 7, and near the consistency
boundary the rate I (g) vanishes. The resolution is that the two 7-dependent factors in (31) ad-
mit bounds whose constants depend only on (Pmin, Tmax): the tilt is capped by 1 = —10g pmin
(Lemma D.2(i)), and the window probability is floored as follows.

Lemma D.5 (Uniform window floor). Fix g with 0 < p(a* | q) < 1. There are k1 > 0 and ng € N,
depending only on (Pmin, Tmax ), Such that for every T € [0, Tiax] with 62(q) > 0 and every n > ns,

P (—v/n <S¢ <0) > k.

Proof of Lemma D.5. Under P?° the walk has mean zero and increments bounded by e™=. Since
eV s non-increasing in y (as 8° < 0), the tilt only raises the mass of the lower values, so
P (x{") < —1) > P(X{*) < —1) = p(a® | ¢) > pmim. The tilted variance and third ab-
solute moment are therefore pinned to 7-free ranges,
° a’ Tmax ° 3
ol =E"[(X)"))? | 4] € [pmin, *], BT

XL g < (34

Writing the window in terms of the negated walk, P’ (—y/n < S < 0) = P?°(-5%) <
Vvn) — Po° (—Sﬁa ) < 0), and applying the Berry—Esseen theorem (universal constant Cp) to the
standardized sum —S* ) /(00+/) at the two endpoints 1/0, and 0, with 1/, > e~ "m=x and (34),

9° (a0) —r 200 eBTmax
P (—vV/n<S5%) <0) > (e max)—cb(o))—T > k1 >0

pmin\/ﬁ
for all n > ns, with k1 and ng depending only on (Pmin, Tmax)- [ |

Corollary D.1 (Margin-free error floor). Fix ¢ with 0 < p(a* | q) < 1, and let 0, = —10g pmin,
¢y := —log k1, and n3 be as above. Then for every T € [0, Tmax] With 6X(q) > 0 and every n > ns,

1= Vi(n;q) > e ™Mr(@=0svn—cz (35)

Proof of Corollary D.1. Combine the tilted lower bound (31) with the tilt cap |6°] < 64 of
Lemma D.2(i) and the window floor of Lemma D.5. |
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The constants in (35) are free of the consistency margin: the floor holds right down to the consistency
boundary, which is exactly the form the temperature choice in Appendix D.4 requires. Combining
it with the Chernoff bound (30) gives a two-sided rate estimate, uniform over any closed sub-range
of consistent temperatures.

Lemma D.6 (Uniform rate on a closed sub-range). Fix g with p(a* | q) < 1 and a margin §y > 0.
There are a threshold ny(dy) < oo and a deterministic ,,(0g) | 0, both independent of T € O, :=
{1 :05(q) > do}, with

’—% log(1 - Vz(n;q)) — IT(q)‘ <en(dy)  forallT € Osy, n > ny(dp).

Proof of Lemma D.6. Every 7 € ©;, is consistent, so both one-sided bounds of this section apply,
and their corrections are already free of 7: the Chernoff bound (30) gives —+ log(1 — V;(n; q)) >

I-(q) — % log | A|, while the margin-free floor (35) gives — 2 log(1—V>(n;q)) < I-(q)+04n" 2+
ca/n for n > ng. Take nq(Jo) := ng and &, (8o) := 01n~/2 + L (log|A| + c2), which happen not
to depend on J at all. |

D.1.5 THE ERROR FLOOR AT INCONSISTENT TEMPERATURES

The rates above yield the fact about the reward curve V.. (+; ¢) that the budgeted analysis consumes
repeatedly, a floor: at an inconsistent temperature the error never vanishes, however many rollouts
are drawn. Beyond its role in the temperature choice (Appendix D.4), this floor is what caps the
ceiling of an inconsistent temperature in the frontier-crossing construction (Appendix D.2).

Lemma D.7 (Error floor at inconsistent temperatures). Fix ¢ with p(a* | q) < 1. There is a constant
k = k(q) > 0, depending only on (Pmin, Tmax ), Such that
1-V:(n;q) > Kk foralln € Nand all T € [0, Timax] with §%(q) < 0. (36)

In particular, sup,, V;(n;q) < 1 — k < 1 at every inconsistent temperature.

Proof of Lemma D.7. The reason is intuitive: if 7 is inconsistent, some support competitor does not
trail ¢* in expected weight, so the vote keeps a constant chance of returning it however many rollouts
are drawn. Concretely, 67(¢) < 0 yields a competitor a € A, whose lead walk has non-positive

drift p := E[Xfa) (1)] < 0 by (24), bounded increments |X£a)\ < e™ax_ and second moment
E[(X 1("'))2] > Pmin (the squared increment is €?”® > 1 on {a; = a}, an event of probability at least
DPrmin). Write o2 := Var(Xfa)).

For small n, the unanimity floor (22) gives 1 — V(n;q) > pp;,. For large n we bound the strict

event {S,,(La) < 0}, on which the vote cannot return a* by Lemma D.1. Two regimes cover every
u<0.

e Case I: u < —cq, where ¢1 := \/DPmin/2. The mean nu alone carries the walk below the
origin: the event {|S7(la) — np| < n|p|} is contained in {S,(la) < 0}, so Chebyshev’s inequality,
together with 02 < E[(X{a))z] < e¥max and p? > ¢? = pmin/2, gives

2 2Tma
o 2e*Tmax 1

P(S’fba) < O) Z ]P)(‘Sﬁba) —TL/,[,‘ < n‘MD 2 1-— W 2 1-— 7 Prin Z 1 (37)

for n > ng 1= [8€2™mx /(3pymin)]-

e Case 2: —c; < p < 0. Here the variance carries a floor, 02 = E[(X\")2] — 42 > puin —
DPmin/2 = Pmin/2. Standardize the walk as Z,, := (ST(LQ) — nu)/(oy/n) and threshold at

—o+/n, strictly below the origin so as to avoid any atom of S,(La) there, the non-positive drift
only helping:

P(Si) < 0) > P(S() < —ovin) = P(Zy < -1-Y2t) > P(Z, <-1),  (38)
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the last step because 4+ < 0. The increments are i.i.d. with third absolute moment p :=
E|X{® — pJ3 < (2e7)3, so the Berry-Esseen theorem (universal constant Cy), applied to
the standardized sum of the negated increments at the continuity point 1, with the variance floor
02 > Puin/2, gives

C(]p SC() e?’Tmax 1
_ > — _ > =
0‘3\/5 - (1 CI)(l)) (pmin/z)s/z\/ﬁ ;398)

for all n > no, enlarging ns if needed, since 1 — ®(1) > 0.15 and the correction vanishes.

P(Z, < —1) = P(—Z, > 1) > (1-®(1))

Both regimes give P(Sff) <0)> é for n > na, with no depending only on (Pmin, Tmax); combined

with the unanimity floor (22) for n < ng, the choice x := min(p}2 , %) proves (36). [ ]

D.2 PROOFS FOR §3.2: ADAPTIVITY DOMINATES FIXED TEMPERATURES

Throughout the proof appendices we abbreviate the population reward (4) and the population MGF
cost E,o[E[e?™ | g]] of §3.1 of a policy m = (), as

R(m) = Equo[Elr™ | )],  CO(n) = Equo[Ele™ | 4],
so that the budget constraint reads C'(7) < B with B = €. To keep the two budget scales distinct,

throughout the proof appendix define

—=a

R d(B) .= sup{R(r) : O(r) < B, m, € 1!}
= R*(y" ' log B),
R(B;7):= R(y 'log B; 7).

This section proves two complementary facts. The adaptive frontier dominates every fixed-
temperature frontier at every budget (Theorem 2), while among fixed temperatures there is no dom-
inance at all: any two cross on a suitable population (Theorem 1).

Proof of Theorem 2. Fix  and a feasible budget B > E,.g[E[e7*(? | ¢]|. Every population
policy 7 with 7, € II(7) for all ¢ also satisfies 7, € 1124, because II(7) C I1*¢ by definition.
Hence the feasible set defining R(B; 7),

{m: O(n) < B,y €ll(1)} C {r: C(x) < B,y € 1™},

is a subset of the one defining Ead(B). Therefore, Ead(B) > R(B;7), forevery 7 € [0, Tmax]. W

Proof of Theorem 1. Idea. Relabel the temperatures so that 7y < 75. We construct two query
types. Both temperatures are consistent on g 4, but the error decays faster at 7;. Only 79 is consistent
on ¢p. Giving ¢4 most of the population mass makes 7; preferable at an intermediate budget; at
sufficiently large budgets, the additional coverage of ¢p makes 7o preferable. We prove that

* At a large budget, the rescue tips the population toward 7s;

¢ At a smaller, finite budget, the advantage on g4 outweighs the loss on ¢p.

Construction. We set 7, := %(71 + 72),80 71 < 7. < To. Let the query distribution Q place mass
1—¢ on abulk query ¢4 and mass € on a rescue query ¢p, with e € (0, 1) to be fixed later. There are
two answers A = {a*, a}, and every rollout has the same deterministic length ¢, so the per-rollout
cost MGF is a common constant M := ¢”* > 1 for both queries; the uniform policy drawing n
rollouts on every query has cost B = M™. The score is two-valued, ¢ € {0,1}. Specifically, we
construct the following instance.
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* Bulk g4 (mass 1 — ¢): it satisfies p(a* | ga) = 0.7 and p(a | ga) = 0.3, with P(¢ = 1 |
a*,qa) =03andP(¢p =1 | a,qa) = 0.7. Then
07(qa) = pla” | qa) [P(¢ = 0] a%, qa) + P(¢ =1]a",qa)e’]
—plalqa)[P(¢=0]a,qa) +P(¢ =1]a,qa)e’]
=0.7(0.740.3¢") — 0.3(0.3+0.7¢") = 0.40 > 0 for every T,

so by Theorem D.1, the bulk g4 is consistent at every temperature, with the ceiling

sup Vr, (n;qa) = sup Vo, (n;q4) = 1,
neN neN

where V. (-; q) is the per-query reward curve defined in (8).

* Rescue gp (mass €): with deterministic per-class scores ¢ = 1 on a* and ¢ = 0 on a, and
1 1
pPB ‘= p(a* | qB) = Tfere < bR Then

1-pp
Si(ap) =ppe” —(1—pp) >0 <« € >—LB e o 757,
bPB
so the rescue ¢p is consistent at 7o but not at 7; (recall that 7. = %(7’1 + 72) > 0 since

T2 > 11 > 0), with ceilings

spi=supVy (n;q8) <1—rkp <1,  supV,(n;gp) =1,
neN neN

the first by the error floor at inconsistent temperatures (Lemma D.7, with a constant kg > 0),
the second by Theorem D.1.

Two endpoints. We first study the two endpoints of budget and compare the population reward on
T1,T2.

* One rollout (B = M). The budget B = M forces exactly one rollout on every query: any
policy draws T,, > 1 rollouts at cost M Ts > M, so the constraint E, (M Tq] < M can hold
only if T, = 1. A single rollout commits its own answer a1 € {a*,a} irrespective of the
temperature, so for both 7 € {7, 72}

R(M;7) =Ego[V-(159)] = Egno[pla® [ )] = (1 —¢) 0.7+ epp,
so R(M;71) = R(M; ).

e Large budget. At alarge budget, both types are consistent at 79, so R(B;72) — 1 as B — oo,
whereas at 7y the inconsistent rescue caps the frontier: whatever (possibly random) count a
feasible fixed-; policy spends on the rescue, its accuracy there is at most sp, so

R(Bim) < (L-¢) 1+esp = 1-e(l-sp) < L

Choosing any B, large enough that R(By;72) > 1 —e(1 — sp) gives R(Ba;71) < R(Ba; 7).

Therefore, the hotter temperature 75 leads at Bo. It remains to find a budget By < B at which the
cooler temperature 71 leads, such that R(Bq;71) > R(B;72). We devote the four steps below to it.

Step 1: reduce the comparison to the bulk q 4. Fix a budget B = M™, for n € N. We lower-bound
the 7 reward and upper-bound the 75 reward, and find that the comparison depends only on the bulk

qA-

For 11, rolling every query exactly n times has a population cost M ™, hence it is affordable; dropping
the nonnegative rescue contribution,

R(M™; 1) > (1 =€) Vi (niqa) + Ve (nigp) > (1 —¢)Vr (n;qa). (40)

For 19, we need an upper bound valid for every feasible fixed-75 policy, including randomized ones.
Fix a feasible policy 7, and let T" be its randomized committed count on g4; randomization being
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independent of the rollouts, the bulk accuracy is the mixture Ep[V,,(T; g4)] and the bulk cost is
Er[MT]. Bounding the rescue accuracy by 1,

R(m) < (1 —e)Er[Vr,(T5qa)] + €. (41)
Due to the budget constraint, the token cost for the bulk ¢4 must be smaller than M™:
M’n

(1-e)Er[MT) < M", = ET[MT]gl -

Choose the length ¢ large enough that (1 — €)M = (1 — ¢)e?* > 1. Then running the bulk past n
rollouts is rare:
EMT]  M"/(1—¢) 1

P(T > 1) =PWMT > M"th < < = )
(Tzn+1)=PM" = ) S Jpet S e 1-o)M

Now split the bulk accuracy according to whether the committed count exceeds n. On {T' < n}, the
vote uses at most 7 rollouts, so Vi, (T; g4) < maxi<i<n Vr, (t;ga); on {T > n+ 1}, we bound the

accuracy by 1, an event of probability at most m Hence

1

: < ; —_
]ET[VTQ(T’ QA)] = fgf%xn VT2(t7QA) + (1 — E)M

Substituting into (41) and taking the supremum over feasible 7, we obtain

R T 1
n, < . )
(M ? 2) — (1 5) lrg?g(nv;z(tan)+€+7M.

Subtracting this from (40), the cooler temperature 7; leads at budget M ™ once the bulk advantage
clears the rescue’s € and 1/M:

(1—6)[Vﬁ(n;qA) —1rgta<an72(t;qA)} >ce+5| = RM"7)>RM"m). (42)

From here on, we aim to show the boxed inequality, where only the bulk ¢4 appears; the rest of the
proof secures it.

Step 2: the bulk vote is a biased walk, and the temperature only adds noise. On the bulk g4 there
is a single support competitor a, so the pairwise decomposition of §D.1.1 reduces to one lead walk
(20),
t
St(T) = WT(G’*7 t7 CIA) - WT(aa t7 QA) = Z Xi(T)7
i=1
where  X;(7) := "% (1{a; = a*} — 1{a; = a}),

and the vote returns the correct a* when the lead is positive and errs when it is negative (Lemma D.1).
The increments X;(7) are i.i.d.; under g4, classifying a rollout by its answer and its score gives the
increment’s four-point law,

£
|

b

+1  withprob0.7-0.7=0.49 (a; = a*, ¢; =0),
+e™  withprob 0.7-0.3 =0.21 ( a*, ¢; =1)

—1  withprob0.3-0.3=0.09 (a; =a, ¢; = 0),

—e”  withprob 0.3-0.7 =0.21 (

XZ(T) =

Reading off the first two moments,
E[X;(T) | ga] = 0.40 (every 7), Var(X;(7) | ga) = 0.42 (1 + €°7).

The drift toward a* is the temperature-free margin 6% (q4) = 0.40, while the variance grows with 7.
The larger variance suggests slower error decay at 7o, but variance alone does not prove a comparison
of error probabilities. Step 3 establishes the required comparison of exponential rates directly from
the moment-generating functions.
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Step 3: large-deviation bounds for the bulk error. The bulk error after ¢ rollouts is ¥, (t) :=
1 —V;(t;qa). Because V, = 1 — ), the bulk advantage in the box (42) is

Vi (n;qa) — max Vo, (tqa) = min Vry (1) — s, (0), (43)

so we want an upper bound on ., (n) and a lower bound on min; <<, ¥, (t). Both come from
the large-deviation bounds in §D.1.3, instantiated at the bulk: the walk S¢(7) sums i.i.d. bounded
increments of positive mean 0.40, so a non-positive lead is a lower large deviation, governed by the
log-MGF Ax (6;7) := log E[e?X1() | g4] and the rate (27) of the single competitor,

I(t) = I.(qa) = —gIg)AX(G;T) > 0, (44)
positive at every 7 by the rate—drift dichotomy (Lemma D.2, the drift being 0.40 > 0), which also
places the minimizing tilt of A x (-;7) over R at a unique 6*(7) < 0.

(i) Upper bound for v, (n). With a single competitor, the Chernoff bound (30) reads
Uy (n) < P(S(11) <0 ga) < e ™). (45)

.

(ii) The hotter rate is smaller. Grouping the four-point law by score, with e?¢” + e~ =
2 cosh(fe™),
E[e"*1() | ga] = 0.49¢? +0.21¢%" + 0.09¢ 7% + 0.21e =%
=0.49¢% +0.09¢7% + 0.42 cosh(feT) .
N— ——

¢$=0: T-free p=1

The temperature enters only through the term cosh(fe™), which for each fixed  # 0 strictly
increases in 7 (|f|e” is strictly increasing and cosh is even and increasing in | - |). Hence
Ax(0;71) < Ax(0;72) for every 0 # 0. Evaluating at the nonzero minimizer 6*(72) of the hotter
log-MGF,

I%fo(97 7'1) < Ax(e*(Tg); 7'1) < Ax(e*(Tg); 7'2) = iIQlfo(e;TQ),

thatis I(m) > I(72) > 0. Fix any rate p strictly between them, I(72) < p < I(1).

(iii) Lower bound for min; <i<, ¥, (t). By the crude rate of Lemma D.4(i), applied to the consistent
pair (¢4, 72), )
log i, (t) — —I(12) > —p,
so there is an integer threshold ¢y > 2 with
Yry(t) 2 7P > e (tg <t <),

where the second inequality holds because p > 0 and ¢t < n make e~!” decreasing in t. For the
finitely many small counts 1 < ¢t < ¢, the unanimity floor (22) already keeps the error positive:
¥, (t) > pla] ga)t = 0.31 > 0. Let

= i t 0.
po = min e, (t) >

Because e™"” — 0 while py is a fixed positive constant, for all n large enough such that e™"# < p,
then
Yry(t) >po>e ™ V1<t<t.

Combining the two ranges, we obtain that for all n large enough that n > t¢ and e™"* < pg,

i > e P,
11r§11t1£1an2 t) > e (46)

Step 4: assemble. By (43), (45), and (46), the bulk advantage obeys

o Y — i _ S gnp _ g—nl(n)
VT1 ("LQA) félfi'gxn VT2 (t7qA) 12’11:1%1"1/}7'2(t> le (n) — € €

Since p < I(m) the first term dominates: once n is large enough that e~n(m)=p) < %, the
advantage is at least %e‘"” .
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Let n° be any integer exceeding all three large-count thresholds at once: n° >ty and e~ * < pg in
(46), and the threshold making e (I(11)=p) < % For this n°, the bulk advantage at n° is at least

Vi (n®5qa) — max Vi, (t;qa) > lemP = c>0.

The box (42) then asks only for (1 —¢)e > e+ 1/M.

Choose ¢ < min{<,1} and then the length ¢ (hence M = ¢%) large enough that - < ¢ and
(1—e)M > 1;then (1 —¢g)c > %c while € + ﬁ < £ 4 € = £ 50 the box holds. For this (e, £), the
budget By := M™" satisfies R(B1;71) > R(B1; 7).

Finally, By = M "° is finite, so enlarging the large-budget B; above, if necessary, keeps By < Bs.
We have produced By < By with R(By;71) > R(Bi;72) and R(Bg;71) < R(Bg;72), so the
frontiers P(71) and P(72) cross after the monotone change of variable b = v~ !log B. As 71 # 72
were arbitrary, no fixed temperature dominates another across all query populations and budgets.

D.3 PROOFS FOR §3.3: DUALITY, THE PER-QUERY INNER PROBLEM

This section solves the budgeted problem over the adaptive class. The plan is classical: dualize the
single population budget so the problem decouples into independent per-query problems (Proposi-
tion 1 and Lemma D.8), then observe that each per-query problem separates as in (50) and that its
maximum is attained (Lemma D.9).

D.3.1 STRONG DUALITY AND DECOUPLING

Proof of Proposition 1. Randomization makes the optimal reward concave in the MGF budget B.
A supporting line to this value function supplies the dual price. We then justify optimizing separately
for each query.

We first make the randomization explicit, since both later steps rest on it. A randomized per-query
policy is a probability measure g, on 124 = [0, Tyax] x N; an action is drawn from this measure
independently of the rollouts. The per-query reward and cost are the ji,-averages of the pure values,

B [ = [ Vem)dug(rn), BT = [ M@ dpg(rn), @D

so that R(m) = E, [ V;(n;q) dug and C(m) = E, [ M (g)™ dpg. In the dual problem we restrict to
finite-cost kernels, which include every policy feasible at a finite budget. Both reward and cost are
linear in the kernel: for kernels 1., p}; and ¢ € [0, 1], the mixed kernel 11!, := ¢} + (1 — t)uJ has

Vo(n;q) dply =t | Va(n;q) duy + (1 —1t) | Va(n;q) dug,
/ / /

and likewise for the cost integrand M (¢)™. Hence R and C are affine along kernel mixtures, the fact
used twice below.

Step 1 (Concavity of Ead ). The value Ead is non-decreasing, since enlarging B enlarges the feasible
set. For concavity fix budgets By, By and € > 0, and pick policies my,m; with C(7;) < Bj

and R(m;) > Ead(Bj) — e Fort € [0,1], the policy that runs 7; with probability ¢ and 7
otherwise, independently per query, is admissible because the adaptive class allows exactly this
per-query randomization. By the affineness just shown, it has cost tC(m) + (1 — ¢)C(mp) <
tB1 + (1 —t)Byp and reward tR(m1) + (1 — ¢)R(mg), so

R(tBy + (1 —1)By) > tR(m) + (1—tR(m0) > tR(B1) + (1 — )R (Bo) —e.

Letting ¢ — 0 gives concavity.

Step 2 (Supporting line is the dual). The map u > Ead(B + u) is concave, finite (as Ead <1,
and, since B > E,[M(q)] is above the one-rollout cost, has u = 0 in the interior of its domain.
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A supporting line at © = 0 provides a slope A* > 0 with Ead(B +u) — Au < Ead(B) for all
admissible u. Reading this at an arbitrary finite-cost policy = with u = C(w) — B gives R(w) —
A (C(m)—B) < Ead(B) for every such 7, thatis sup,. £(m, \*) < Ead(B). The reverse inequality
is weak duality, since £(7,\) > R(w) whenever C'(7) < B. The two meet:

—=ad . .
R (B) = ig% sup L(m,\) = ig%blip L(m, ).

The last equality follows by taking A | O if the supporting slope is zero; the dual objective at positive
A is at most its A = 0 value plus AB.

Step 3 (Decoupling). We write the per-policy Lagrangian
Ly(mg, ) == E[r™ | g] = AE["™" | q], (48)

so that £(m, \) = Eqg[Lg(74, A)] + AB has no term coupling distinct queries, and the population
policy acts on each query independently, so the supremum passes inside the expectation,

sup L(m,A) =Eq| sup Lg(mg, A)| + AB.

T enad

For A > 0, the measurable e-maximizing selectors can be chosen with integrable cost. Indeed,
comparison with the one-rollout action gives

Vi(n;q) — AM(q)" > —AM(q) — ¢, M(g)" < M(q) + (1 +¢)/A.

Thus the selector has finite population cost, and its integrated value is within € of the pointwise
supremum. Letting € | O proves the interchange. At A = 0, take a measurable e-maximizing
action and replace it by a one-rollout action wherever its cost exceeds K. The resulting policy has
cost at most K + M (q), and its reward converges to that of the selector as K’ — oo by dominated
convergence. This proves the interchange at zero price as well. Lemma D.8 evaluates the pure-action
objective, completing the proof.

The decoupling leaves one object to evaluate, the per-query inner supremum. The next lemma
shows it is a plain joint supremum over pure pairs (7, n): randomization, having only convexified
the population problem, adds nothing query by query.

Lemma D.8 (Per-query inner problem as a joint supremum). For every A > 0 and every g,

sup  Lg(7g, \) = sup N{Vr(n;q)—AM(q)"}- (49)

g €lad T7€[0,Tmax], €

Proof of Lemma D.8. Pure pairs. For a pure pair 7, = (7,n), the reward term is E[r™ | ¢] =

V,(n;q) by (8), and the cost term is E[e?>i<n% | g] = M(q)™ because the lengths are i.i.d.
conditional on ¢. Hence Ly ((7,n), A) = V- (n;q) — AM(¢)".

Randomization adds nothing. A randomized 7, draws (7,n) from a measure j, independent of
the rollouts, so by (47) its Lagrangian value is the p,-mixture of the pure values, Ly(my, A) =

[ [Vz(n;q) — AM(q)"]dpg(7,n). A mixture never exceeds the supremum of the quantity it mixes,
and the pure pairs are themselves admissible, so the two suprema coincide:

sup Ly(mg, A) = sup {Vr(n;jq) — AM(q)"}. [ |
mq €Il T7€[0,Tmax], nEN

D.3.2 RECOVERING A CONSTRAINED POLICY FROM A SUPPORTING PRICE

The pure maximizers of a priced problem need not individually meet a requested budget. Let B =
€7’ let \* > 0 be a supporting price from the strong-duality proof, and write

gg(\*) = S}S{Vf(n; q) —A"M(q)"}.
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Conditional on primal attainment, a finite-cost kernel p* is constrained-optimal if and only if it is
supported on the priced maximizers for almost every query, is feasible, and satisfies complementary
slackness:

C(u*) < B, X (C(p*) - B) =0.

Indeed, the duality gap for any feasible p is the sum of two nonnegative terms,

R(0) = R(0) = By [0,07) — [ (Vo) = XM @)") | 43 (B~ ).

It vanishes exactly under these conditions. At A* = 0 only reward is priced, and a slack budget is
allowed; pointwise attainment at zero price is not asserted without primal attainment.

For two finite-cost policies supported on maximizers at the same price, with costs C_ < C and
C_ < B < (4, choose the higher-cost policy independently before sampling with probability
_ B-C_
Cy—C_’
The resulting policy has cost B and remains on the same supporting face, so it is constrained-

optimal. Mixing arbitrary policies from a sampled price sweep also interpolates their costs and
rewards, but does not establish this exact optimality condition.

0

Why mixing can be necessary. Consider one binary query with correct-answer probability 0.6,
unit rollout length, and v = log 2, so M = 2. Correct scores are uniform on [0.75, 1] and wrong
scores on [0,0.25]. For any finite positive temperature, one rollout has accuracy 0.6 and two have
accuracy 0.84, since any correct rollout wins the two-rollout vote. At A* = 0.12, both priced values
equal 0.36; every n > 3 has value at most 1 — 0.12(8) = 0.04. At MGF budget B = 3, the
one-rollout choice is feasible but suboptimal and the two-rollout choice is infeasible. Mixing them
equally yields cost 3 and reward 0.72, exactly the dual bound 0.36 + 0.12(3). Thus, choosing a pure
priced maximizer alone does not recover the constrained optimum.

D.3.3 ATTAINMENT OF THE PER-QUERY MAXIMUM

For A > 0, we solve the inner problem sup, ,{V-(n;q) — AM(q)"} of §3.3. Because the cost
M (q)™ depends on the count alone,

sTuS{VT(n;Q) —AM(q)"} = max{V*(n;q) = AM(g)"},  V*(niq):= max Vi(nig),

TE€[0,Tmax]

(50
and the following lemma shows that both maxima are attained, so that the per-query optimal policy
(9) is well defined. The decomposition in (50) implies that the optimal count is chosen against the
best vote T € [0, Tmax] for each query. It is the one place where the 7 = 0 tie-breaking convention
of Definition 2.1 is used.

Lemma D.9 (Attainment of the per-query maximum). Fix g and X\ > 0, and let Assumption 1 hold.
(i) (Ties are null.) For every n > 1 and 7 > 0, two distinct answers attain max, W (a, n;q)

with probability zero; at T = 0, two distinct answers attain the maximal count with equal total
scores with probability zero.

(ii) (Continuity in the temperature.) For every n > 1, 7 +— Vi (n;q) is continuous on [0, Tmax];
hence V*(n; q) = max, V;(n; q) is attained.

(iii) (Finite search.) Every maximizer of n — V*(n;q) — AM(q)" satisfies n < N(\,q) =
max{n € N: M(q)" < M(q) + 1/\}, and the maximum is attained.

Proof of Lemma D.9. Write N, := ). 1{a; =a}and S, := ) ., ¢;1{a; = a} for the count

and the total score of answer a. - -

(i). Condition on the answer pattern (a1, ..., a,); since the rollout triples are i.i.d., the scores are
then independent with ¢; ~ p(- | a;,q), each atomless. Fix a # a’ and let A := {i : a; = a},
A :={i:a;, =d}. If A= A" = ) both weights vanish while max, W (a,n;q) > 0; if exactly
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one is empty the weights differ. If both are nonempty, pick ¢y € A and condition further on (¢;) j4,:
the tie ZieA et = ZieA’ eT i pins €%, hence @i, (as 7 > 0), to a single value, an event of
probability zero by atomlessness. At 7 = 0, a tie at the maximal count forces A, A’ # (), and
So = Su pins ¢, to a single value likewise. Sum over the finitely many pairs and patterns.

(ii). Fix n. We show a-(n; q) — @, (n; q) almost surely as 7 — 7o within [0, Tyax]; dominated con-
vergence of the bounded indicators 1{a,(n;q) = a*} then gives continuity, and a continuous func-
tion on the compact interval [O Tmax) attains its maximum. For 79 > 0: by (i) the maximizer @ :=
ar,(n; q) is almost surely unique, the finitely many strict inequalities W, (@, n; q) > W, (a n;q)
persist on a neighbourhood of 79 by continuity of 7 — W (-,n;q), and there aT(n q) = a. For
7o = 0: by (i) the lexicographic maximizer @ of (N,, S, ), which is ao(n; ) under Definition 2.1, is
almost surely unique. Since ¢; € [0,1], W, (a,n;q) = N, + 7S, + r,(a) with |r-(a)| < 2n7? for
7 < 1. For a # @, either N, < N3 — 1, and then W, (@, n; q) — W, (a,n;q) > 1 —nt —4n71? > 0
for all small 7, or N, = N3 and S, < Sg, and then the difference is at least 7(Sz — S, ) — 4n72 > 0
for all small 7. Hence a,(n;q) = ap(n; q) for all sufficiently small 7 > 0. This is where the 7 = 0
convention enters: an arbitrary count tie-break can make Vj(n; ¢) differ from its right-hand limit, so
compactness alone would no longer establish attainment.

(iii). For every n, V*(n;q) — AM(¢)™ < 1 — AM(q)™, while at n = 1 the objective is at least
—AM(q). If M(q)™ > M(q) + 1/Xthen 1 — AM (¢)™ < —AM (g), so such n are strictly domi-
nated by n = 1. The supremum is therefore a maximum over the finite set {1,..., N(},¢)}, and
N(Aq) > 1. ]

The unlimited-budget ceiling. The expression in (10) is indeed the limit of the budgeted value.
It is an upper bound for every policy. Conversely, choose a measurable e-maximizing action for
sup, , V- (n; q) and replace it by one rollout wherever its MGF cost exceeds K. The modified policy
has finite population cost at most K + E,[M(q)]. As K — oo, its reward converges by dominated
convergence to within e of R>*d, Letting € | 0 proves R*4(b) — R°>24, This argument requires
neither finite-count attainment of every per-query ceiling nor the stronger rate assumptions below.

D.4 PROOEFS FOR §3.4: THE ASYMPTOTIC ADAPTIVE FRONTIER

We prove the large-budget law in three steps: solve the per-query problem at a fixed temperature,
optimize the temperature, and aggregate over queries. The ceiling is R°*4 = E, [sup, ,, Vr(n;q)].
By strong duality,

Rad(B) = infO{JEq [sup(V-(n;q) — AM(¢)™)] + )\B}. (51)

> n

The per-query estimates concern A | 0. Turning them into a population statement requires addi-
tional assumptions, stated explicitly in Assumption 3; in particular, pointwise asymptotics do not by
themselves justify averaging over queries.

D.4.1 PER-QUERY LARGE-BUDGET OPTIMUM AT A FIXED TEMPERATURE

We start at the innermost layer of (51): the per-query inner problem sup,, {V;(n;q) — AM ()"} at
a single query ¢ and a single temperature 7, in the vanishing-price limit; the temperature itself is
optimized in §D.4.2. Throughout this section, write the log inverse price and the fixed-temperature
price exponent

¢:=log(1/A) — o0, ar(q) == @ I+ (q) € (0,1) fordr(q) >0,

q) + log M(q)

where I, (q) is the slowest Cramér rate for the query ¢ defined in (28). For non-perfect queries we
extend «(q) to all temperatures by the same ratio, so it is zero at inconsistent temperatures; for
perfect queries we set a.-(¢q) = 1.

Fix a temperature 7 with §*(q) > 0. Writing the reward as one minus its gap, the inner objective at
this 7is V- (n;q¢) — AM(¢)™ = 1 — h-(n), where

hr(n) := (1= Vr(n;q)) + AM(g)" (52)
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is the sum of the reward gap and the cost; maximizing the net value over n is the same as minimizing
h-. On the exponential scale each term is governed by a single rate. The reward gap falls at rate I- (q)
by the recalled Cramér rate in Lemma D.4, while the cost rises at rate log M (g), since AM (¢)™ =
e~¢tnlog M(a) Hence

hy(n) = e r(@)(1+o(1)) 4 o—CHnlog M(q) (53)

falls, rate I~ (q) rises, rate log M (q)
At leading exponential order, the optimum balances the decreasing error term against the increasing
cost term. This argument does not require the finite-count reward curve to be monotone. Equating
the two exponents suggests

* — ¥ * = C
W) = ¢ —nTlogM(q) = "=

and the common exponent there is n*I,(¢) = a,(q)C. So each term of h,(n*) is about =@~ (2)¢,
The next lemma proves this balance and the resulting count asymptotics.

Lemma D.10 (Fixed-temperature inner value). Fix ¢ with p(a* | q) < 1 and T with 6%(q) > 0. Let
n-(X; q) be any integer minimizer of h.. As A\ — 0., it satisfies

¢
ny(A;q) = 1+ 0(1)), (54)
g IT(q)JrlogM(Q)( )
and the resulting inner value is
sup[Vr(n;q) = AM(q)"] = 1 — emr(@¢(teli), (55)

neN

Proof of Lemma D.10. Abbreviate I := I.(¢) and o := - (q) = I /(I +1og M(q)) € (0,1). By
Lemma D.4, there is a deterministic sequence &, — 0 with 1 — V;(n;q) = e "/+%)_ With the
exact cost, the two terms of (52) are

1—Vi(n;q) = e_n(1+5n,)’ AM ()" = e—Ctnlog M(Q), (56)

50 hy(n) = e UF0n) 4 =CHnlogM(a)  Since the net value is 1 — h,, the value claim (55) is
equivalent to

- _ o—al(1+40(1)
glellr\ll hr(n)=e , (57)

which we prove by two matching inequalities.

Step 1 (upper bound). Evaluate h, at the balance count rounded upward,
*= [ | = o). 58
W= |t | = 1 log 1(g) T °W 68

As A — 04 we have ( — oo, hence n* — oo and 0, — 0. The two exponents at n* in (56) are
then both a (1 + o(1)): for the reward term,

CI
n (I + 6pr) T+ Tog M (q) +0(¢) = al(1 + o(1))
and for the cost term, using 1 — %ﬁ% =q,

* log M
¢ —n*log M(q) = Q(l - #A%) +0(1) = a¢(1 + o(1)).
Substituting into (56),
min by (n) < by (n*) = e=0CH0) | g=al(l+o(1) _ g=a¢(i+o(D)
n
the factor of two absorbed into the (1 + o(1)) in the exponent.

Step 2 (lower bound). We show no count pushes h, below e~*¢(1+°() ie min, h,(n) >
e~¢(+o(1) " Fix a level s > 0 and suppose some n achieves h,(n) = e~ *¢. Since h,(n) is a
sum of two nonnegative terms, each term is at most e~*¢, which by (56) reads

(reward) e "UH0n) < o=5¢ — n(I +d,) > s, (59)

(cost) e CHnloeM@) < o=s¢ — plog M(q) < (1 — s)C. (60)
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Then (60) forces 1 — s > 0. Dividing (59) by (60) cancels n:
I+0, S s¢ s
logM(q) = (1-s)¢ 1-s
Cross-multiplying (both sides positive) and gathering the s terms,

(I+6,)(1—s)>slogM(q) < s(I+logM(q)+d,) <I+5,

— s5< I+ on
~— I+logM(q) + 0,

It remains to read the right-hand side as a + o(1), uniformly over the counts that can attain a level.
A count below any fixed N cannot: the unanimity floor (22) keeps h,(n) > pﬁin forn < N, so
such counts only attain levels s = O(1/¢). Forn > N, the map § — (I +0)/(I + log M(q) + 9)
is increasing, so s < (I + dn)/(I + log M (q) + dn) with 0 := sup,,,>n Om — 0as N — oo.
Sending ¢ — oo and then N — oo, every level attained by some n satisfies s < « + o(1), such that
hr(n) > e~ (@t for every n. Consequently, min,, h,(n) > e~*<(+o(1),

Conclusion. Steps 1 and 2 give (57), hence (55) as V;(n;q) — AM(q)"™ = 1 — h,. To show the
expression of the balance count n(}; ¢) in (54), let n.-(\; ¢) minimize h.. By (57),

he(n7 (X)) = e~

therefore

§:= —% log hr(n-(X;q)) = a+ o(1).

In particular h,(n-(X;q)) — 0, while the unanimity floor (22) bounds h, away from zero on any
bounded range of counts, so n,(A; ¢) — oo and d,,_(x.q) — 0. Applying (59)—(60) at this level pins

nr(Aiq) - (I +0(1)) = (a+0(1))¢,  nr(Xq)-logM(q) < (1 —a+o(1))C.

Since « = I/(I 4 log M (q)), the above inequalities imply n.();q) = ¢/(I + log M(q)) (1 +
o(1)). ]

D.4.2 CHOOSING THE TEMPERATURE

Fix ¢ € C*! with 0 < p(a* | ¢) < 1. With the fixed-temperature value of §D.4.1 in hand, we now
let the temperature vary, the second layer of (51). By Lemma D.10 the inner value at temperature
7is 1 — e~ (@<¢(+o(1)  Tts Jeading exponential behavior improves as the exponent a,(q) =
W&)qg)kf(q) increases. This exponent is increasing in I (q), so a temperature maximizing I (g)

is a natural candidate for leading-order optimality. Lemma D.11 below justifies the maxima in the

notation .
7(q) € arg max I.(q), aselected rate maximizer,

7:0x(q)>0
1*(q) = I.(q), with the largest price exponent
(9) Lpax (9) gest p p 1)
aad( Iad(q)

7):= I*4(q) +log M (q)"

The difficulty in the proof is that the supremum over 7 and the large-¢ limit must commute, which
needs the per-7 error term in Lemma D.10 controlled uniformly in 7. The uniform bounds of §D.1.4
supply exactly that control, and this subsection deploys them in two results, proved in order.

* First, the rate-maximizer 7*(g) exists and sits at a strictly positive consistency margin: the
temperatures that matter form a compact band away from the boundary (Lemma D.11), on
which the two-sided uniform rate of Lemma D.6 applies.

e Second, the margin-free floor of Corollary D.1 excludes every other temperature, includ-
ing those near the consistency boundary the band does not reach, which shows that a rate-
maximizing temperature is asymptotically sufficient (Proposition D.1).

We start with the first result.
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Lemma D.11 (The rate-maximizer stays away from the consistency boundary). For every q € C*
there is a margin 6o(q) > 0 such that the maximizer T7*(q) lies in the closed band O, () = {T :

§2(q) > 60(q)}, and the restriction does not lower the supremum: o*%(q) = SUD-ceo, (o) a-(q).

Proof of Lemma D.11. Since ¢ € C*, some temperature is consistent, so the best adaptive rate
and its exponent are strictly positive: 129(q) > 0 and a®d(q) = 1*4(q)/(I1*4(q) + log M (q)) > 0.
If p(a* | ¢) = 1 the claim is immediate: every temperature is consistent with margin §*(¢q) =
wr(a*;q) > 1, continuous and positive on the compact [0, Tmax], 80 do(g) := min, d5(g) > 0
gives O5,() = [0, Tmax). and under the convention I-(q) = oo of (28) every exponent equals
a,(q) =1 = a*!(q). So assume p(a* | q) < 1; then Lemma D.2 applies to every competitor.

Step 1 (positive rate iff positive margin). By the rate—drift dichotomy of Lemma D.2 and the drift
identity (24), the vote rate I (q) = min,c 4, 1o(7) of (28) is positive if and only if every lead walk
drifts strictly upward, that is if and only if 6X(¢) > 0. Since M(q) > 1, the exponent o (q) =

1. (q)

To(q)Hlog M(q) 18 Positive exactly when the rate is, so

a-(q) >0 < I;(q) >0 < d§(q) > 0. (62)

Step 2 (continuity in the temperature). By Lemma D.2(iii), each competitor rate 7 +— I,(7) is
continuous on [0, Tax|; hence the vote rate I-(q) = mingeca, Io(7) and the exponent a-(q) are
continuous on [0, Tmax]-

Step 3 (a compact band inside the consistent set). Consider the superlevel set of the exponent at
half its maximum,
S = {7 € [0, Tmax] : @-(q) > 3™ (q)}.

By Step 2 it is closed, hence compact. It is non-empty, since some consistent temperature has
exponent within %aad(q) of the positive supremum. And it lies strictly inside the consistent set:
for 7 € S the exponent a,(q) > 1a™!(g) > 0, so the margin is positive there by (62). The
margin being continuous and positive on the compact .5, it attains a positive minimum, and we set
d0(q) := min;¢s5 67 (q) > 0, so that S C O ().

Step 4 (the maximizer lies in the band). Off S the exponent is o, (¢) < 2ad(q), strictly below the
supremum, so the supremum over all consistent temperatures equals the supremum over .S. Being
continuous on the compact .S, the exponent attains its maximum there at some 7*(q) € S C G5, (4
with a;+(g)(q) = a®d(g). Restricting to Os,(q) therefore moves neither the maximizer nor the
supremum, a*4(q) = SUD; e, () Or(4)- [ |

Lemma D.11 delivers a compact band @50(q) that contains a rate-maximizer, and on any such band
the two-sided uniform rate estimate of Lemma D.6 (§D.1.4) applies: the pointwise convergence
of Lemma D.4 holds at a single deterministic error bound across the whole band, the form that
Assumption 3 builds on in §D.4.3. In particular the maximizer exists, and applying Lemma D.10 at
it delivers the achievability half of the per-query optimum below. It remains to rule out every other
temperature, including those near the consistency boundary that the band does not reach; doing so
shows that the single temperature 7*(g) attains the per-query optimum to leading exponential order
(asymptotic sufficiency, not uniqueness or exact finite-price optimality).

Proposition D.1 (Explicit per-query policy as the price vanishes). Fix ¢ € C*d with p(a* | q) < 1.
As \ — O+,

sup Lg(mg, A) = 1 — e~@™ (@ ¢0+o1) (63)
mq €114

realized to exponential precision by the single temperature 7*(q) of (61) and the rollout count

¢
I8d(q) +log M(q)

Remark 2. On a perfect query, p(a* | q) = 1, where I*4(q) = oo, a®¥(q) = 1, and (64) is
undefined, the conclusion (63) holds directly: V;(n;q) = 1, so the supremum equals 1 — A\M (q) =
1 — e~ <+0Q/O)  realized at a single rollout, and we set nx(q) := 1.

na(q) == 1) (N q) = (1+o0(1)). (64)
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Proof of Proposition D.1. By (49) and the decomposition V; (n; q) —AM (q)™ = 1—h,(n) of (52),
the per-query supremum is

ﬂqsélrll)ad Ly(mg,\) =1— Te[(iflr{nax} 15161&1 hr(n). (65)

So to achieve (63), it suffices to show

inf  minh,(n) = e~ (@¢(1+o(1)
T€[0,Tmax] NEN
By Lemma D.11, there exists a rate-maximizer 7*(q) € arg max,.;«(¢)>0 I-(¢) that attains the best
exponent a,« (o) (q) = @*(g). Using Lemma D.10, we establish that

rngn hes(q)(n) = e~ (@¢A+o(1)
with the minimizer count in (64). Therefore, we have shown one direction that

inf  minh,(n) < e~ ()¢ (1+0(1))
T7€[0,Tmax] PEN

The rest of the proof is to show the reverse inequality.

The reverse inequality requires a bound uniform in 7: the optimizer can change with A, so pointwise
convergence at each fixed temperature is insufficient. We first exclude inconsistent temperatures,
then apply the margin-free error bound to all remaining temperatures.

Step 1 (inconsistent temperatures stay far from the ceiling). By the error floor at inconsistent
temperatures (Lemma D.7), there is a constant £ = x(g) > 0, depending only on (Ppin, Tmax), Such
that 1 — V;(n;q) > & for all n € N and all inconsistent 7 (those with §(¢) < 0), which is (36).

On one hand, (36) and h,(n) = (1 — V;(n;q)) + AM(q)™ > 1 — V-(n; q) force every inconsistent
T to keep
min h-(n) > min(1 - Vy(n;q)) > x> 0. (66)

On the other hand, ¢ € C*? supplies the consistent rate-maximizer 7*(g), at which Lemma D.10
gives

A—=04
E—

min h. (g (n) = e " @¢0+e) 0, (67)

equivalently sup,, [Vy« () (n;q) — AM(q)"] = 1 — e~ (@<0+e()) _ 1. Hence for all ¢ large

enough that e=a" (@¢(+o(1) < kK, the infimum is unaffected by discarding inconsistent tempera-
tures:

inf  minh;(n)= inf minh,(n). 68

TE[0,Tmax] ™ ( ) T:85(q)>0 n ( ) (68)

Step 2 (a reward-gap floor, uniform over all consistent temperatures). From here on we work only
with the consistent temperatures {7 : §%(q) > 0} left by Step 1. On this set the vote rate I-(q) is
positive but may be arbitrarily small near the consistency boundary, so any estimate whose constants
degrade with the margin is useless there. This is exactly what the margin-free floor of Corollary D.1
was built for: with 8, = — log pmin and constants ¢y < 00, n3 € N depending only on (pumin, Tmax)»

1-V,(n;q) > e~ (@)=0+vn—c:

for every consistent 7 and every n > ng, which is (35).

Step 3 (bound every achievable exponent). It remains to bound, uniformly over the consistent
temperatures left by Step 1, how small /. (n) can be. We measure each value on the log inverse
price scale: for a consistent 7 and a count n, let

s = —%loghT(n) (69)

be the exponential rate k. (n) = e~*¢ it attains, so that bounding min,, k., (n) from below is the same
as bounding this rate s from above. Every attained level obeys s < 1, since h,(n) > AM(q)™ >
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A= e "¢ (as M(q) > 1); we may also take s > 0, since a negative level makes the bound (72) below
trivial.

If n < ng, the unanimity floor (22) gives h,(n) > pI? . so s = O(C™!). If n > ng, then

min?

h.(n) = e~*¢ forces each of its two nonnegative terms below e~*. The cost term gives

AM(g)" = e=¢Fm1os M@ < ¢72¢ — nlog M(q) < (1 —s)¢, hence +/n < \/(/log M(q),
(70)
while the reward term, bounded below by the margin-free floor (35), gives

e M@0V < Y (n;q) < e = nl(q) > sC—0v/n—cy > sC—C'\/C, (T1)

where C’ := 0 /+/log M (q) + co for ¢ > 1, the bound on +/n from (70) absorbing the 6 1/ term.
Dividing the reward bound (71) by the cost bound (70) cancels the unknown count n (the bound is
trivial if s¢ < C'/(),

() _ nl(e _ sC=CVC _ s-C'¢'2

logM(q) — nlogM(qg) = (1—s)¢ —  1-s

and cross-multiplying (both sides positive) then solving for s yields

I(q) + C'¢71/2log M(q) < ' —1/2
Ha) + CIC, 72
L tloghtlg)  ~ @ "

with C independent of 7 and n.

The exponent increases with the rate, and 12d(q) = max,. s (q)>0 I+ (q) is the largest rate, so
ar(q) < a*d(q) for every consistent 7; together with the small-n case this gives s < a?d(q) +

C’¢=1/2 in both cases, uniformly in consistent 7. Equivalently min,, h, (n) > e~ (@¢(1+0(1) for
every consistent 7, so with (68),

inf minh,(n) > e " (@¢0Fo(1),

TE[Omiax] n

Together with the achievability shown at the start, this proves inf, min,, i, (n) = e~ (@¢(1+o(1),
hence (63) via (65), realized by the temperature 7*(¢) and the count (64). [ ]

D.4.3 AGGREGATING OVER THE POPULATION

For a measurable query set E, write E,cg[f(¢)] := E4[1{q € E}f(q)]; this is an unnormalized
restricted expectation. Essential infima over E are taken with respect to the restricted query distribu-
tion. The previous two subsections give each query’s optimal value; the outer layers of (51) remain,
the population average [, and the price-to-budget trade. The single tool is the Laplace principle, that
an exponential average is dominated by the extreme value of its exponent; we state it (Lemma D.12),
record the regularity it needs (Assumption 3), and then eliminate A through a primal-dual sandwich
(Theorem D.2).

Lemma D.12 (Laplace principle). Let v be a probability measure and X a bounded measurable
Sfunction with essential supremum X and essential infimum X. As A — oo,

%log/eAXdu - X, %log/e‘AXdV —- —X.

Proof of Lemma D.12. Since X < X as., f eAXdy < eAX , the upper bound. For tk_le lower
bound, E, := {X > X — €} has v(E,) > 0 by definition of X, so [ eAXdv > v(E,)eA*~9) and
% log f eXdy > X —e+ % logv(FE,); send A — oo, then € | 0. The second claim is the first
applied to — X. ]

Proposition D.1 describes what happens for each query as the price A = e~¢ tends to zero. To
obtain a population frontier, we need these estimates to remain valid after averaging over queries.
The conditions below explain when this step is justified. We use the same temperature 7*(¢) and
integer count n (q) as in Proposition D.1; no new policy is introduced here.
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All query-dependent policy choices are measurable, following the convention in Appendix D.1.
Recall that ad(q) = I1*(q)/(I*%(q) + log M (q)), with a?(g) = 1 on perfect queries, and write

o = essinf a®(q). (73)
gecad

Assumption 3 (Laplace regularity). (L1) Bounded per-rollout cost. There exist 1 < m_ < my <
oo such that m_ < M(q) < my for Q-a.e. q.

(L2) Positive minimum error-decay rate. essinf,ccaa I ad(g) > 0.

(L3) Finite-cost attainment on unsolvable queries. For Q-a.e. ¢ ¢ C*4, a pair (7,,7,) with finite
count attains sup, ,, V-(n; q), and

K~ =, [M(g)"1{g ¢ C*'}] < o0,
(L4) Uniform per-query asymptotics. There is a deterministic ¢, — 0, independent of q, such that
for all sufficiently large ¢, with A = e and for Q-a.e. ¢ € C*4:
(a) The optimal priced value satisfies

_a?d w
sup Lg(mg, ) =1—¢ (@)¢(itue(0), luq(Q)] < €.
T €™

(b) For a non-perfect query, the temperature 7*(q) and count nx(q) of Proposition D.1 satisfy
the separate error and cost bounds

]é log(1 = Vye gy (na(0); @) + aad<q>‘ <.
nA(Q)lng(Q) _ (1 _aad(q))’ < ec.

Next, we explain each condition in order. First, (L1) bounds the cost MGF uniformly over queries.
A natural way to satisfy it is to cap the number of tokens in each rollout: if 1 < ¢; < £, fora
common token cap £pax, then €7 < M (q) < e¥“max for every query. The lower bound simply says
that every rollout consumes tokens. Condition (L2) says that even the slowest solvable query has
a positive error-decay rate. This is automatic for a finite query population: each non-perfect query
in C*d has I4(g) > 0, and the minimum of finitely many positive rates is positive. For an infinite
population, positive rates can approach zero, so a uniform lower bound must be required separately.

For (L3), consider a query outside C>?, which cannot reach accuracy one by increasing its rollout
count. This condition asks that its best attainable accuracy instead be reached at some finite count
4. These queries can then be assigned their best actions at a fixed aggregate cost; only the solvable
queries determine how quickly the population approaches its ceiling as the budget grows.

The finite-count requirement holds, for example, if 6*(q) < 0 for every 7 € [0, Tmax]. At every
temperature, an incorrect answer then has a larger expected voting weight than the correct answer.
Since the margin is continuous on this compact interval, it is bounded away from zero on the negative
side. The bounded lead increments therefore give sup, V;-(n;¢) — 0 as n — oo (a variance bound
on the sample mean suffices, uniformly in 7). If the correct answer has positive sampling probability,
one rollout already has positive accuracy, so the maximum must occur among finitely many counts.
Continuity in 7, from Lemma D.9, then gives a maximizing temperature at one of those counts.
If the correct answer is never sampled, the ceiling is zero and is already attained at one rollout.
Thus strict negativity at all temperatures is a sufficient condition for finite-count attainment; merely
having ¢%(¢) < 0 is not the same condition. For a finite query population, the aggregate cost of
these finite-count actions is automatically finite. For an infinite population, (L3) also requires this
cost to be integrable.

Finally, (L4) asks that the approximation errors in the preceding per-query asymptotic formulas
vanish uniformly over queries, so that we can use these formulas inside the population averages.
Without uniform control, queries whose approximations converge increasingly slowly could change
the aggregate rate.
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Part (a) controls the optimal priced value. Its deficit from one includes both the voting error and the
priced cost: for a fixed action (7, n),

1= [Ve(niq) = AM(q)"] = [1 = Ve(niq)] + AM(g)™.

This value estimate yields the dual bound on population accuracy. To construct a policy that meets a
given budget, we also need its actual error and its cost separately. This is the role of part (b): under
the policy of Proposition D.1, the error decays with exponent a*(q), while the MGF cost grows
with exponent 1 — a*d(g), both on the scale ¢ = log(1/)). The cost estimate tells us how small the
price can be while meeting the budget; the error estimate then tells us the accuracy achieved at that
price. The two exponents follow from the count balance n)(q) = ¢/(I*4(q) +log M (q))(1+ o(1))

and the error rate 1 — Vi () (15 ¢) = e~ (@)(1+0(1))

For a finite query population, both parts of (L4) follow from the per-query results: take the largest
approximation error over the finitely many queries. Each error tends to zero, so their maximum does
too. Thus (L4)(b) does not add a new per-query asymptotic claim; it requires uniformity of the error
and cost estimates already derived. Perfect queries need only one rollout, have zero voting error,
and contribute bounded cost under (L1). Their priced value is exactly 1 — AM (gq), so they satisfy
part (a) directly and are excluded from the log-error expression in part (b).

Together, (L1) and (L2) ensure a®! > 0. The additional condition o} < 1 in the theorem below

min min

ensures that non-perfect solvable queries remain; their error decay determines the frontier rate.

We can now state and prove the MGF-scale form of the asymptotic frontier.

Theorem D.2 (Asymptotic adaptive Pareto frontier, MGF scale). Assume P,[C*!] > 0, Assump-
tion 3, and a3 < 1. Then, as B — o,

ad(_B) = B~ aiﬁn/(l—uiin)-{-o(l). (74)

Roo,ad - R
Remark 3. Using Ead(e'yb) = RM(b) gives R4 — Rad(p) = e~m""b(14o(V) ypigf pad =
yad /(1 — a®d ). This is the worst-case exchange rate: with risk-adjusted rollout length
0,(q) == ~"11log M(q),
L) M) M)
1—oad(q) " logM(q)  ly(q)’
and since © + x/(1 — ) is increasing, taking essential infima over q € C>d gives r
essinf ccaa 1%4(q) /0y (q). The endpoint o3 = 1 is degenerate, forcing Q-a.e. query in C* to

be perfect, where a single rollout already attains the ceiling; the hypothesis o3 < 1 excludes it.

min

ad _

Proof of Theorem 3 (main text). Theorem D.2 gives B> — Ead(B) = B~ %mn/(1=afi,)+o(1)

as B — oo. Substituting the token-budget relation B = ¢?* and the identification 724 =
va2d /(1 —ad ) = essinf,ccaa I7(q) /€, (q) of the preceding remark yields R>24 — Rad(b) =
e b1 +o(1) a5 b — oo, which is (13). m

Proof of Theorem D.2. Throughout, the reward gap and the cost are aggregated by the Laplace
principle over the non-perfect consistent queries {q € C*! : p(a* | q) < 1}, on which the per-query
exponents are genuine; perfect queries (p(a* | ¢) = 1) and inconsistent queries (g ¢ C*?) are carried
separately and shown not to affect the rate.

The \-policy and its per-query asymptotics. For A = e~¢, let the A-policy 7 commit the per-query
pair
(7*(q), nx(q)), q€C*, p(a*|q) <1 (PropositionD.1),
ma(g) == 4 (0, 1), g €C*, pla*|q) =1, (75)
(Ty» Tg)s q ¢ C*  (clause (L3)).

The first case uses the policy of Proposition D.1, and the third uses the finite-count action in (L3). In
particular, ny (q) is the integer count defined in that proposition, not a rounded version of its leading-
order approximation. Multiplying the balance count (64) by 124(¢) and by log M (q) separates the
two exponents,

na(@) I*4(g) = o (@)¢(1+o(1)),  na(g)log M(q) = (1 — a*())¢(1 + (1)),
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so that, by the rate Lemma D.4 in the g-uniform form of (L4)(b), every non-perfect consistent query
obeys

1= Vre (g (na(q)iq) = e @m(QC - pp(g)m(@ = (=e™ @t (O (76)

with [14(C)], [7,(¢)] < e — 0 uniformly over {¢ € C* : p(a* | q) < 1}; a perfect query

contributes zero reward gap and cost M (q) < my = Q).

This uniformity is what licenses every Laplace step below. For any bounded exponent X, € [0, 1]
and any error |14(¢)| < e, the sandwich

eXaC—ecC < eXaC+n4(¢)¢ < eXaCtec

shifts % log of any average by at most € — 0, so Lemma D.12 applies as if the exponents were
exact; the additive form of the error is all the argument uses.

Step 1 (cost and reward of the \-policy). Split the cost over C*? and its complement. The com-
plement contributes at most the constant K~ by (L3). On C?¢ the exponent 1 — a4 gq) € [0,1] is
bounded, so Lemma D.12 applied to the conditional law Q(- | C??) with X = 1 — ¢ gives

1
~logE ecaa [M(q)"*(”")} — esssup(l — a*¥(g)) =1 - a2, >0,
C qecad
the restriction and the conditioning differing only by the constant mass factor P, [C¢] > 0, immate-

rial on this scale. The C*? term grows exponentially while the complement adds a constant, so the

total cost is iy
C(my) = e(1=afin)¢+o(Q) (77)

On the reward side, 7y attains the ceiling exactly on ¢ ¢ C®® and on perfect queries, so the shortfall

is supported on the non-perfect consistent queries, where the summand is e= " (@C+na(O)¢ by (76).
Applying Lemma D.12 to —X with X = «®%, whose essential infimum over that set is a®% by
(73), gives

ad
R — R(my) = Egecaa [1 = Vie () (na(q); @)] = e~ @minc (oD, (78)

Step 2 (primal direction: the gap is at most the power law). Fix € € (0, 1) and run the A-policy at
(p = (1—¢€)logB
Bz oszin ’
By the cost (77), C(my) = B(=9(+e(1) < B for all large B, so m is feasible and Rad(B) >
R(my). The gap (78) at (p is then
Rooad _ Ead(B) < e~ Ommép(+o(1)) — p—(1-¢)ail./(1-aff,) (1+o(1))

Since € € (0, 1) was arbitrary,

log(R>2d — Ead(B)) < ad

lim su —_—min__ 79
B_)OOp log B - 1- aﬁ?in (79

Step 3 (dual direction: the gap is at least the power law). The matching lower bound comes from
weak duality, which we record directly. For any feasible 7 (so C'(w) < B) and any A > 0, the
per-query Lagrangian L, of (48) averages to E,[L,(my, A)] = R(w) — AC(w), hence

R(r) = Ey|Ly(mq, \)] + AC(7) < E, { sup Lg (7, )\)] B, (80)
Tq eHad
the last step using A > 0 and C(7) < B. The right-hand side of (80) does not depend on 7, so taking
the supremum over all feasible 7 on the left, and recalling 7™ (B) = sup{R(n) : C(w) < B}, gives
for every A > 0 the dual bound

RB) < Eq[ sup Lq(ﬂq,)\)} +\B. 81)

g EIT2d
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We identify the per-query optimum in (81) at A\ = e, region by region. Writing L,(mg, \) =
V:(n;q) — AM(q)" for the pair (7,n) that defines 7 , the supremum is SUP, erred Ly(mg, A) =
sup,, ; (Vr(n;q) — AM(g)™). On the non-perfect consistent set, clause (L4)(a) evaluates it to 1 —
e~ (@¢(1+u4(Q)) with |ug(¢)| < €c. On a perfect query a single rollout already reaches the ceiling,

so the supremum is attained at n = 1 and equals 1 — AM (q); using a®?(¢) = 1 and 0 < log M(q) <
logm,

1— sup Lq(ﬂ'q7)\) = AM(q) = 6_4(1_10gM(Q)/<) = e_o‘ad((I)C(l"‘o(l))’
mq€lad

the same leading exponent as the non-perfect case at a®d(q) = 1. On ¢ ¢ C*I the priced cost
AM(g)" > 0 makes sup, caa Lg(mg, A) < sup,, - Vr(n;q).

Because R>*! = E,[sup,, , V-(n;¢)] and the leading term of (81) are the same Q-average over g,
subtracting (81) from R°°-*4 combines them into one expectation,

ad

R _R(B) > E, [Sup V,(n;q) — sup Lq(ﬂq,)\)} _AB, (82)

mq €2
whose integrand the three evaluations above make nonnegative everywhere: on the non-perfect con-
sistent set sup,, . V> = 1, so it equals e*aad(q)C(H“q(O); on a perfect query it equals AM (¢) =
e*“ad(q)g(”r"(l)); and on ¢ ¢ C® it is nonnegative. Discarding the nonnegative inconsistent
part ¢ ¢ C* preserves the inequality and leaves the average over C*¢, on which the integrand is

e=o"(9)¢(1+0(1)) with relative error at most max(e¢,logm.y /¢) — 0 uniformly in ¢. Lemma D.12
then evaluates this average exactly as it did the primal gap (78) in Step 1: applied to —X with
X = a®, whose essential infimum over C?9 is o4 by (73), it gives

min

Rooad _ Rad(B) > Egecaa [e_("ad(‘l)C(1+0(1))] _AB = e %minC(+o(1)) _ ~Cp (83)
Choose
o= w, sothat  e—$B = B-(k.to/(1-ail,)
1- a?nin
while the first term of (83) is B~(176) @hiin/(1=adi) (1Fe(1) Since a?d < 1 gives (1 4 €)a?d <
a;din + €, the first term dominates, so for all large B
Ro@ad N R&d(B) > % B7(1+€) a:ﬁn/(lfaiﬂn) (1+0(1)).
Letting € | O,
—ad

.. log(R>*! — R (B)) apth

B T B =TT e
The matching bounds (79) and (84) are (74). |

D.4.4 AN ASYMPTOTICALLY OPTIMAL POLICY AT LARGE BUDGETS

Theorem 3 gives the large-budget asymptotics of the adaptive frontier, and we now give an explicit
policy that attains it. At finite budgets, the optimal policy (9) is only implicitly defined. As b — oo,
however, the explicit policy below is budget-feasible and closes the gap to the ceiling at the optimal
rate of Theorem 3, so it is optimal to leading exponential order.

Proposition D.2 (An asymptotically optimal adaptive policy). Under the assumptions of Theorem 3,
let 7r;f be the adaptive policy that, for each query, commits the following pair.

s For a solvable query q € C*! with p(a* | q) < 1,

(v +r2d)b
(q) +log M(q)

7'(q) arg max +(q), ny(q) Tad

(1+0(1)). (85)
s For a perfect query q € C*d with p(a* | q) = 1, any temperature and nZ(q) =1
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* For an unsolvable query q ¢ C*9, the finite-count action that attains its ceiling sup, , V> (n;q),
which does not depend on the budget.

Then, as b — oo, 71';: is budget-feasible and attains the law of Theorem 3,

Roead _ R(ﬂ'g) — e radb(1+o(1))_ (86)

Note that the maximizer of (9) at a finite budget need not coincide with (77, nz) defined in the above
proposition. For the solvable queries, the decisions can separate at large budgets. The temperature

77(q) depends only on the query, specifically the one at which its error decays fastest, which is
independent of the budget. In contrast, the rollout count ”Z (g) grows in proportion to the budget b,

with the rate depending on the query’s error decay rate 12%(g) and token cost log M (q).

Justification of Proposition D.2. We justify the budget-indexed allocation (85) and the gap law
(86) of Proposition D.2, whose policy WZ is the \,-policy defined in (75). Set k := 1 —a?3 > 0 and

ty := vb/k. Equation (77) gives log C(m.-¢) = k( 4 0o(¢). Consequently, there is a deterministic
sequence €, — 0 such that the choice

G = (1—ep)ts, Ap = e S
is feasible for every sufficiently large b. To see this without assuming cost monotonicity, let

log C(me—¢)
kG

and take €, = 2d;, + t;l/Q for large b. Then €, < 1/2, ¢, > t,/2, and

db =
(>ty/2

—1’—>0

log C(my,) < KG(1 4 dy) < Kty = 7b.

The subleading reduction in ¢, ensures feasibility while preserving its leading order. Since y/xk =
v + 724, substituting ¢, = (v + r23)b(1 + o(1)) into (64) gives (85). With the perfect and residual
queries handled as in (75), equation (78) yields

Rooad _ R(my,) = e minCo(1+o(1)) _ ,—r*b(1+o(1))

Thus this family of feasible policies attains the same leading exponential rate as the optimal frontier.
Here n),(q) is the integer minimizer at the selected rate-maximizing temperature, as defined in
Lemma D.10. Thus no separate rounding rule is needed. The leading count formula alone does not
certify finite-budget feasibility; the price choice above specifies the required subleading adjustment.
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